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1. Goal of Interpolation
How do you determine how to get from one point to another?

Can we estimate a path to

traverse through the points, A
then interpolate intermediate o
values along our path? di
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1. Goal of Interpolation

How do you determine how to get from one point to another?

Not complicated like this!
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1. Goal of Interpolation

How do you determine how to get from one point to another?

But some smooth progression
through the points.

true curve
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2. 1D Linear Interpolation

Easiest to draw straight lines between points and use values
along the lines.

Interpolate: o T T T T T §(45)
Two points define a line. i f(2:9) f(4)/
sl "
Find the equation of the | / f\(é.)\ /
line between points. | f(2)/ )
f (3.5)
L f@ /
il f (1.5)
axis chTange
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2. 1D Linear Interpolation

Easiest to draw straight lines between points and use values
along the lines.

Normalization: f (0), f (1) o

For regularly spaced points.

@ . 0

1 1 [l 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9

|

axis change
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2. 1D Linear Interpolation

Easiest to draw straight lines between points and use values
along the lines.

Normalization: f (0), f (1) o
Model: f (x) = a,x° + a,x’ |
x=0,1
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2. 1D Linear Interpolation

Easiest to draw straight lines between points and use values
along the lines.

Normalization: f (0), f (1) o
Model: f (x) = a,x° + a,x’
x=0,1 |
Solve: (3,,a,) :
f(0)=2a,(1) +&,(0) T
(0)
f (1) = a, (D) + a,() (R0
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2. 1D Linear Interpolation

System of Equations: 2 equations, 2 unknowns f (0) = a,(1) + &, (0)
f@)=2a,1)+a(d)

System of Equations System of Equations
f(0)] [1 0]a,
= two points y — Xa

f@Q| |1 1| a

y = X a
Solution Solution

a,| [ 1 0][f(0) a= Xy

a | |-1 1] fQ

a = X7 y

D.B. Rowe
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2. 1D Linear Interpolation

Easiest to draw straight lines between points and use values

along the lines.

Normalization: f (0), f (1) o

Model: f (x) = a,x’ +ax’ il
x=0,1

Solve: (a,,a,) .

Interpolate: .5 il

f(.5)=a,(.5)° +a,(.5) :

D.B. Rowe
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2. 1D Linear Interpolation

Repeat the process between all pairs of points to interpolate
values between.

Normalization: f (0), f (1) o
Model: f (x) = a,x’ +ax’ il
x=0,1 |
Solve: (a,,a,) : | ()
Interpolate: .5 ° /
1 o
f(.5) =a,(.5)° +a,(.5)" e

D.B. Rowe
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2. 1D Linear Interpolation

Repeat the process between all pairs of points to interpolate
values between.

Normalization: f (0), f (1) o
Model: f (x) = aoxo 4 a1x1 1 f(2)

x=0,1 1
Solve: (a,,a,) .

fA0)
Interpolate: .5 °’f //
1r ‘

f(.5)=a,(.5)° +a,(.5) : R T R

D.B. Rowe
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2. 1D Linear Interpolation

Repeat the process between all pairs of points to interpolate
values between.

Normalization: f (0), f (1) o
Model: f (x) = aoxo 4 a1x1 1 f(0)
x=0,1 | //‘\
Solve: (a,,8,) 2| / fQ
Interpolate: .5 °’f /
1r ‘
f(.5)=a,(.5)° +a,(.5) ’ A N T B

D.B. Rowe
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2. 1D Linear Interpolation

Repeat the process between all pairs of points to interpolate
values between.

Normalization: f (0), f (1) o
Model: f (x) = a,x’ '
>(<)i)o,1 W T _ / 0)
Solve: (a,,a,) N \\
- / f (1)
Interpolate: .5 °’f //
[ -/
1F \‘
f(.5)=a,(.5)° +a,(.5) : T N R R

D.B. Rowe
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2. 1D Linear Interpolation

Repeat the process between all pairs of points to interpolate
values between.

Normalization: f (0), f (1) o
Model: f (x) = a,x’ +ax’ il oo
x=0,1 | / .
Solve: (a,,a,) ,; N
/ f(0)
Interpolate: .5 °’f //
1r ‘
f(.5)=a,(.5)° +a,(.5) : S IR R

D.B. Rowe
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2. 1D Linear Interpolation

Repeat the process between all pairs of points to interpolate
values between.

Normalization: f (0), f (1) of T T T Tt
Model: f (x) = a,x° + a,x’
x=01 1 /\-\ 0

Solve: (a,,a,) < | / N/
Interpolate: .5 °’f /

[ -/

11 N
f(.5)=a,(.5)° +a,(.5) ’ S N BRI

D.B. Rowe
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2. 1D Linear Interpolation

Repeat the process between all pairs of points to interpolate
all values between.

If we need more interpolated o
Values, then use more than di /
6 A

just .5. ' /.
—_ / N

Za4}
3 -
Interpolate at O<x<1 /
2r .

f(x)=a,x" +ax" !

1 1 1 1 [l 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 55

D.B. Rowe
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2. 1D Linear Interpolation

Repeat the process between all pairs of points to interpolate
all values between.

But regardless of how many of
points we interpolate, the f
Intrinsic curvature through
the points is not captured!

D.B. Rowe
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3. 1D Cubic Interpolation

Using adjacent points, we can estimate a cubic (third order

polynomial) between points.

Interpolate: o
Four points define a f

cubic equation.

f(x)=a,x’ +ax +ax’+a,x’ ¢ |

Find the coefficients of the o
cubic egn. between points. 2

D.B. Rowe

f()

f(2),

£(L5)

- f(4.5)

25 ¢

£(3)

f(;%.5)

1
0.5

1

1.5 2

[l 1
2.5 3

1
3.5

1 1 1
4 4.5 5

55
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3. 1D Cubic Interpolation

Using adjacent points, we can estimate a cubic (third order
polynomial) between points.

Normalization: f (0), f (1) o

For regularly spaced points. I f(2)

. | f )

D.B. Rowe
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3. 1D Cubic Interpolation

Using adjacent points, we can estimate a cubic (third order

polynomial) between points.

Normalization: f (0), f (1)

Model: f(x)=a,x’+ax" +a,x’+ax’

D.B. Rowe

x=-10,172

f(2)

(1)
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3. 1D Cubic Interpolation

Using adjacent points, we can estimate a cubic (third order
polynomial) between points. 4 equations, 4 unknowns

Normalization: f (0), f (1) o
Model: f(x)=ax’+ax' +ax’+ax’® | f(2)
x=-1012 |
Solve: (a,,8;,8,,3;) |
gl r()

f(-D)=a,(-1)°+a,(-D +a,(-D*+a,(-)° | (D
f (0) = 3,(0)° +2,(0)" +2,(0)? +,(0) 1 .
f(0) =2,0)° +a,0) +a,1)° +a,1)° e
f(2)=a,(2)" +a,(2)" +8,(2)" +3,(2)° “ o1z 34 s e 7

D.B. Rowe




MU MSCS Spring 2018 f(-1) =a,(-1)° +a(-1)" +a,(-1)° + ae(_l)
: : f(0) =a,(0)° +&,(0)" +a,(0)* +a,(0)’
3. 1D Cubic Interpolation f@)=a,°+a@®)" +a,1)’ +a,1)°
f(2)=2,(2)" +a,(2)' +a,(2)" + &(2)°
System of Equations: 4 equations, 4 unknowns

System of Equations Solution
f(-1) 1 -1 1 -1}a, previous point
fO|_|1 00 0ja y = Xa
f(2) 1 1 1 1{a
f(2) ] |1 2 4 8 |a,| | "eteem
Solution o ) Solution
a, 0 6 0 0]} f(-)
al 11-2 -3 6 -1/ £(0) a=X"y
a | 6/3 -6 3 0 fQ
|, -1 3 3 1] f(2)

!

recycle matrix

D.B. Rowe
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3. 1D Cubic Interpolation

System of Equations: 4 equations, 4 unknowns

Solution . i Solution
a, 0O 6 0 0]} f(-)
a| 1|-2 -3 6 -1 f(0) a=X"y
a,| 6/3 6 3 0] fQ
| 4, | -1 3 3 1] f(2)
Interpolate at 0<x<1 Interpolate at 0<x<1
a
f(x) =a,x’ +a,x" +a,x’ +ax’ az
f(x)=[x%x", %% x°]
a2
| 5

D.B. Rowe
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3. 1D Cubic Interpolation

System of Equations: 4 equations, 4 unknowns

Interpolate at O<x<1 Interpolate at 0<x<1
o
_ 0 1 2 3 0
f(X)=a,x" +aXx +a,X" +a,X T
f(x)=[x",x,x,x°]
2
| 8 |
Interpolate at .5 Interpolate at .5 o
0

— 0 1 2 3
f(9)=8,5" +a.5 +a,5 +a,.5 f(.5) =[5, 5, .52 5

L L

D.B. Rowe
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3. 1D Cubic Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Normalization: f (0), f (1) o
Model: f(x)=ax’+ax' +ax’+ax’® | f(2)
x=-1012 |
Solve: (a,,8;,8,,3;) |
gl r()

Interpolate:
f(5)=a,5 +a.5 +a,.5° +a,5

D.B. Rowe
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3. 1D Cubic Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Normalization: f (0), f (1) o
Model: f(x)=a,x’ +ax' +a,x’ +ax® | f1)
x=-1012 | @
Solve: (a,,8;,a,,a;) | |-
Interpolate: = {0
f(5)=a,5+a.5' +a,5 +a,5° |
| f (-

D.B. Rowe
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3. 1D Cubic Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Normalization: f (0), f (1) of
Model: f(x)=ax’+ax' +ax’+ax’® | O ¢
x=-1012 | /1 y
SO|Ve: (ao 1 a‘ll a2 1 a3) 5 f.(l)
z, f(-1)/ .
Interpolate:
f(5)=a,5+a.5' +a,5 +a,5° |

D.B. Rowe
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3. 1D Cubic Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Normalization: f (0), f (1) o

Model: f(x)=ax’+ax' +ax’+ax’® | f=D

Solve: (35,8,8,,3;)  © Oh? /0 ), Q)
Interpolate: . f (1)
f(5)=a,5+a.5' +a,5 +a,5° |

D.B. Rowe
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3. 1D Cubic Interpolation

This involves 4 unknowns and 4 points to estimate them, then

points along the polynomial.
Normalization: f (0), f (1)
Model: f(x)=ax’ +ax" +a,x* +ax’
x=-10,1,2
Solve: (3,,8,a,,3;)

Interpolate:
f(5)=a,5 +a.5 +a,.5° +a,5

D.B. Rowe

/.— h

/o E(=D)

)

RO

_Rm
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3. 1D Cubic Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Return to unnormalized axis. o
6 /.; ®
5 o. \\.\\ ;Jj
< ® .//
=4+ d
| ) w\ interpolation
_ i not done
Interpolation not done N
_endS Of CubIC -1 0 1 2 3 4 5 6 7 8 9 10

-linear ends
-quadratic ends

D.B. Rowe
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3. 1D Cubic Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Cubic still “kinky” at points. of
5.5 ———— r
_ |
sl ‘-.\ .\.\. / i 5t
f z 4t
245} \ - Al
width of . . -
‘r disparity N : interpolation
“kink” T not done
3.5 275 ; &'2 &'4 3.Ia 3_’3 :1 472 00 0.|5 1 1.I5 2| 2.I5 é 375 :-'Il 475 ; 5.5

D.B. Rowe
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3. 1D Cubic Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

But much better than linear! of
5.5 ———— : : : — : 7t
_\ i
S| al
z,|
=4 N / 3F
| d\i/\sl:odat:;ty AN - il ,_ interpolation
“kink” T not done
e %0 o5 1 15 2 25 3 a5 4 45 5 55

D.B. Rowe
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4. 1D Cubic Spline Interpolation

With two points and two derivatives we can fit a cubic

polynomial between points.

Interpolate:

Two points plus two
derivatives. No “kinks?”
Smooth transition through.

Find the equation of the
cubic egn. between points.

D.B. Rowe

¥ (2)3 ..

fQ

- f(4.5)

25 ¢

£(3)

f(;%.5)

._ Only use two points
f (1.5) and their derivatives.
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4. 1D Cubic Spline Interpolation

With two points and two derivatives we can fit a cubic
polynomial between points.

Normalization: f (0), f (1) of

For regularly spaced points.

2l H

D.B. Rowe
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4. 1D Cubic Spline Interpolation

With two points and two derivatives we can fit a cubic
polynomial between points.

Normalization: f (0), f (1) of

Model: f(x)=a,x’+ax" +a,x’+ax’
f'(x) =1a,x’ + 2a,x" + 3a,x°
x=-1012 |

L

D.B. Rowe
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4. 1D Cubic Spline Interpolation

With two points and two derivatives we can fit a cubic

polynomial between points. 4 equations, 4 unknowns

Normalization: f (0), f (1) of

Model: f(x)=a,x’+ax" +a,x’+ax’ ?:

f'(x)=1a,x° +2a,x' +3a,x>

Solve: (a,,a,,8,,8,)  X=~1012_| "o

f(0) =2,(0)" +&(0)" +&,(0)" +&,(0)’ .|

f) =2, +a @) +a,1)" +a,Q)’ 1 A
f(0) = a,(0)° + 2a,(0)" + 33,(0)’ ©)

f'(1) = a,(1)° + 2a,(1)" + 33, (1) : T s s i s e s

D.B. Rowe
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4. 1D Cubic Spline Interpolation

With two points and two derivatives we can fit a cubic

polynomial between points. 4 equations, 4 unknowns
Need time series discrete of
derivatives at x=0,1. T
Derivative at x=0: al
_f( z,| f@)
fo o O FED : ;
2 st
Derivative at x=1: [ ° y
_ T (0)
f'(1)=f(2)2f(0) A

D.B. Rowe



MU MSCS Spring 2018

4. 1D Cubic Spline Interpolation f@=2a(0)"+a(0) +2,(0)" +a,(0)"
| | (1) = a,@)° + 2, (1) + 8, (1)° + ()

System of Equations: 4 equations, r(0)=2,(0) +22,(0) +3a,(0)
f'(1) =1a,()" +2a,(1)" + 3a,(1)

4 unknowns

note: don’t use f(-1) and f(2)!
If did, 6 eqn. 4 unknown,
¥ interpolation not through points.

System of Equations y = Xa Derivatives Y = Df

£(0)]

3 [ £(0)] 0 2 0 0][f(=D]
fQ| 111114 f (1) 0 0 2 0f (0
f'0)| |0 1 0 0} a, £/(0) 1 01 0| fQ
'@ [0 1 2 3]a f'(1) 0 -1 0 1| f(2
Solution a= X"y = X 'Df N o "__ -
a, 1 00 0][0 2 0 0]f(1) 0 2 0 O0]f(-1)
a, 0 0 1 0|1/ 0 0 2 0| f(0) 1 0 1 o0} ()
a| |-3 3 —2 -1[2|]-1 0 1 0| f@ 2 5 4 -1| Q)
a,] [ 2 2 1 1/|0 10 1)f@] |1 3 -3 1] @]
!

D.B. Rowe

(1 0 0 O]

recycle matrix
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4. 1D Cubic Spline Interpolation

System of Equations: 4 equations, 4 unknowns

Solution for cubic spline i Solution for cubic o i
a, 0 2 0 0 f(-) a, 0 6 0 0/ f(-)
a| 1/-1 0 1 0} f(0) a| 1|-2 -3 6 -1} f(0)
a,| 2/ 2 -5 4 -1| @ a,| 6/3 -6 3 0/ fQ
3, | -1 3 3 1| (2 | 8| |-1 3 3 1] f(2)

Interpolate at 0<x<1
0 1 2 3
f(X)=a,x" +aX +a,X" +a,X
Interpolate at .5

f(5)=a,5 +a.5 +a,.5° +a,5°

D.B. Rowe
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4. 1D Cubic Spline Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Normalization: f (0), f (1) o

Model: f(x)=a,x’ +ax" +a,x* +a,x’
f'(x) =1a,x’ + 2a,x" + 3a,x°

Solve: (a;,a,,8,,3;) x=-10.1,2 Al ffl)
Interpolate: .5 of |
f(5)=a,5 +a.5 +a,5"+a,5 | {©

D.B. Rowe
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4. 1D Cubic Spline Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Normalization: f (0), f (1) o
Model: f(x)=ax’ +ax" +a,x* +ax’ ; fﬁ
f'(x) =1a,x° + 2a,x" + 3a,x>
Solve: (a,,8,,8,,8,) X~ %042 | fgo)
Interpolate: .5 o /
| /
f(5)=a,5°+a.5'+a,5°+a,5° |

D.B. Rowe
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4. 1D Cubic Spline Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Normalization: f (0), f (1) o
Model: f(x)=ax’+ax" +a,x* +ax’ ; f@
f'(x) =1a,x’ + 2a,X" + 3a,x’
i )
Solve: (a,,8,,8,,8,) X~ 5042 | /’ :
Interpolate: .5 o /
f(5)=a,5" +a.5'+a,5°+a,5° |

D.B. Rowe




MU MSCS Spring 2018

4. 1D Cubic Spline Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Normalization: f (0), f (1) o

Model: f(x)=ayx’ +ax" +a,x* +a,x’ |
f'(x) =1a,x° + 2a,x" + 3a,x> / \
f(0).

Solve: (a,,a,,a,,a,) x=-1012_1 / [l
| f (1)
Interpolate: .5 3t /
il /

f(5)=a,5 +a.5 +a,.5° +a,5°

D.B. Rowe
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4. 1D Cubic Spline Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Normalization: f (0), f (1) o
Model: f(x)=ax’ +ax: +ax?+ax’ Lt
f'(x) =1a,x° + 2a,x* + 3a,x° / . /
or N\ ° '.:
Solve: (a,.a,,a,8,)  *=1012_] P
£(0
Interpolate: .5 o / ©)
| /
f(5)=a,5 +a.5'+a,5° +a,.5° |

D.B. Rowe
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4. 1D Cubic Spline Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Return to unnormalized axis. of

2r o / . . 7
</ interpolation |

T not done

1 1 1 [l 1 1 1 1 1
-1 0 1 2 3 4 5 6 7 8 9 10

D.B. Rowe




MU MSCS Spring 2018

4. 1D Cubic Spline Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Cubic Spline no “kinks.” of

?_
5.5 — ; . ‘ : : . ‘ 6F )
5F \/
x | -

Xasl
z

interpolation _
g not done

1 1 1 [l 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 55
X

D.B. Rowe
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4. 1D Cubic Spline Interpolation

This involves 4 unknowns and 4 points to estimate them, then
points along the polynomial.

Cubic Spline better at points! of

D.B. Rowe
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5. 2D BiLinear Interpolation

Easiest to draw planes between points and use values within
the planes.

f (1,0)

1(0,0) f (L)

array/image coordinate system

D.B. Rowe
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5. 2D BiLinear Interpolation

Easiest to draw planes between points and use values within
the planes.

Interpolate:
Find the equation of the
plane between points.

f (1,0)

D.B. Rowe
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5. 2D BiLinear Interpolation

Easiest to draw planes between points and use values within
the planes.

Normalization: f(0.0), 1(1,0)
f(0,), f (1,1 f (1,‘0)

£ (0,0) f(L1)

D.B. Rowe
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5. 2D BiLinear Interpolation

Easiest to draw planes between points and use values within
the planes.

Normalization: f(0.0), 1(1,0)
f(0,), f (1,1 f (1,‘0)

1 1 o

Model: f(X, y):ZZaijx'yJ
j=01=0 f(0,0) f(l,l)

x=-10,12 *

f(X,y)=ay, +a,X+ay,y+a,xy
X,y=-1,0,1,2

D.B. Rowe
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5. 2D BiLinear Interpolation

Easiest to draw planes between points and use values within
the planes.

Normalization: f(0.0), 1(1,0)
f(0,), f (1,1 f (1,‘0)

1 1 o

Model: f(X, y):ZZaijx'yJ
j=01=0 f(0,0) f(l,l)

x=-10,12 *

Solve: aij

f(0,0) = Ao

f(l,O) - a00 +a10

f(1,0)= Ay + 3y

fLD= Agp T84 +ay + 8,

D.B. Rowe
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5. 2D BiLinear Interpolation

(0,0) = &,

System of Equations: 4 equations, 4 unknow f1,0)=a +ay

‘System of Equations Y = Xa

£(0,001 [1 0 0
FLO)| |1 1 0
£0) | |1 0 1
f@y | |11 1
Solution a= X"y
Ay, 1 0 O
a, -1 1 O
a,| [-1 0 1
a,| |1 -1 -1
!

recycle matrix

D.B. Rowe

0]

— O O

a'OO

Ao
Ao
A _

f (1,0)
£(0,)

R O O O

£(0,0)

f(L1) |

F(1,0) =ay +ay,
F(L1) = a5 +ay + 3y +a,

Image
0 1
O ® o
1  J ]
Interpolate

f(X,y)=ay +a, X+a,y+a,Xy
0<x<1, O<y<1
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5. 2D BiLinear Interpolation £(0.0)=a,

System of Equations: 4 equations, 4 unknow f1,0)=a +ay
f(L,0) = Ago T 8oy
fL1) = Agp T8 +ay + 8y,

Solution a= X'y

_ _ 0 1
A0 1 0 0 0)f00)] f(xy)=ay+a,x+ayy+a,xy
ay| |-1 1 0 0| f(10) o I
a,| |-1 0 1 0] f(0,9 1| ese
1 -1 -1 1} f@1 _ o _
] L LD, f(507] 150 0] -
Interpolate one pixel Y., = X, a £ (L.5) 1 1 5 5| %
f(.5,0)=[1,.5,0,0]a £(55) =1 5 5 .25 C
More rows to interpolate more pixels. f (0,.5) 1 0 5 0 %o
f(5) | |1 5 1 .5_-a“—

D.B. Rowe



MU MSCS Spring 2018

5. 2D BiLinear Interpolation

Easiest to draw planes between points and use values within
the planes.

Once we’ve solved for the

. . f (1,0)
coefficients, we interpolate.

1.0 f(1,1)

F(X,y) =85 +a,X+a,Y+a;,Xy

f(50) f(1.5)
f(.5,.5)
£(0,5) f(5,1)

D.B. Rowe
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5. 2D BiLinear Interpolation
Example: 8x8 interpolate 1 to 15x15

Low Resolution Expanded BiLinear Interpolated
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5. 2D BiLinear Interpolation
Example: 8x8 interpolate 1001 to 7015%x7015
Expanded

Low Resolution Expanded BiLinear Interpolated

<4
l: -
‘_

'AI

can’t see original pixels note klnks between patches

D.B. Rowe
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6. 2D BiCubic Interpolation

Need to use adjacent points, estimate surfaces, and use values
within the surfaces.

Interpolate:
Sixteen points define a .
2D bicubic surface.

Find the equation of the
surface between 4 points
using neighbors.

D.B. Rowe
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6. 2D BiCubic Interpolation

Need to use adjacent points, estimate surfaces, and use values
within the surfaces.

Normalization: f(0,0), f (1,0)
f(0,), f (1,1

D.B. Rowe
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6. 2D BiCubic Interpolation

Need to use adjacent points, estimate surfaces, and use values
within the surfaces.

Normalization: f(0,0), f (1,0)
f(0,), f (1,1
3 3 o
Model: ¢ (X,y) = Zzaijxlyj
j=0 i=0
x=-10,172

D.B. Rowe
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6. 2D BiCubic Interpolation

Need to use adjacent points, estimate surfaces, and use values
within the surfaces.

Normalization: f(0,0), f (1,0)
f(0,), f (1,1

3 3
Model: f(X’y):Zzainiyj
i=0i=0
x=-10,1,2

Solve: g

D.B. Rowe
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6. 2D BiCubic Interpolation

Need to use adjacent points, estimate surfaces, and use values
within the surfaces.

Interpolate:

Find the equation of the *
surface between 4 points , !
using neighbors and L)
and determine a;'s.

D.B. Rowe
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6. 2D BiCubic Interpolation

System of Equations: 16 equations, 16 unknowns

System of Equations Y = Xa Image I(x,y)

16 equations from f (X, y)

3 3 o

f(xy)= Z‘,ZaijxlyJ
i=0 j=0

x,y=-1,0,1,2 J

Simply insert all x,y combinations to get 16 equations.

D.B. Rowe
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6. 2D BiCubic Interpolation

Estimate coefficient values. Almost Money Slide
a= X"l
EN [0 o0 0 O O 3 0O 0O 0 O O 0 0 0 0 O]I-1L-D]
a, o 0 0O O -12 -18 3 -6 0 O 0O O O O O Of10-D
Ay o 0 O O 18 -3 18 0 O O O 0 0 O O Of IL-Y
Ay o 0 0O O -6 18 -18 6 0 O 0O O O O O OfI12-D
Ay, O -12 0 0O O -18 0 0 0O 3 0 0O O -6 0 OfI1(-10
a, 4 6 -12 2 6 9 -18 3 -12 -18 36 -6 2 3 -6 1| 1(00)
a,, 6 12 -6 0 -9 18 -9 0 18 -36 18 0 -3 6 -3 0| 110
a,| 1/2 -6 6 -2 3 9 9 -3 -6 18 -18 6 1 -3 3 -1| 1(20)
a,| 36/0 18 0 0 0 -3 0 0 0 18 0 0 0 0 0 0] I(-1)
a, 6 -9 18 -3 12 18 -3 6 6 -9 18 -3 0 0 0 O] 100
a,, 9 -18 9 0 -18 3 -18 0 9 -18 9 0 O O O O 1LY
3y, -3 9 -9 3 6 -18 18 6 -3 9 -9 3 0 0 0 O} 12D
A3 o 6 0 O O 18 0 0 0 -18 0 0 0 6 0 O0fI1(-12
a, 2 3 6 1 -6 -9 18 -3 6 9 -18 3 -2 -3 6 -1/ 1(0,2
a,s -3 6 -3 0 9 -18 9 9 -9 18 -9 0 3 -6 3 0] 102
Ay, | 17 3 3 -1 -3 9 -9 3 3 -9 9 -3 -1 3 -3 1] 122 |

recycle matrix

D.B. Rowe
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6. 2D BiCubic Interpolation

Estimate coefficient values.

a= X"l
Interpolate pixel values.

F(x,y)=

X'y’ 0<x<1, 0<y<1

3 3
j=0i=0

Can do biguadratic in corners and linear-quadratic on sides.

D.B. Rowe
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6. 2D BiCubic Interpolation
Example: 8x8 interpolate 1001 to 7015%x7015

Expanded

* bilinear edges
Low Resolution Bilinear Interpolated BiCubic Interpolated

-

. 4 .V
e
4 4

e ey

still “kinky” between patches
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7. 2D BiCubic Spline Interpolation

Need to use adjacent points, estimate surfaces, and use values
within the surfaces.

Interpolate:
Will use 4 points and 12 o
derivatives at those points
to define a bicubic surface.

array/image coordinate system

D.B. Rowe
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7. 2D BiCubic Spline Interpolation

Need to use adjacent points, estimate surfaces, and use values
within the surfaces.

Normalization: f(0,0), f (1,0)
f(0,), f (1,1

D.B. Rowe
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7. 2D BiCubic Spline Interpolation

Need to use adjacent points, estimate surfaces, and use values
within the surfaces.

Normalization: f(0,0), f (1,0)
f(0,), f (1,1

_ 30 3 o
Model: f(X’y):ZzaijxlyJ ¢ 0

j=0i=0

D.B. Rowe
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7. 2D BiCubic Spline Interpolation

Need to use adjacent points, estimate surfaces, and use values
within the surfaces.

Normalization: f(0,0), f (1,0)
f(0,), f (1,1

_ 30 3 o
Model: f(X’y):ZzaijxlyJ e °

=0 =0 e ta) e

Solve: g;

D.B. Rowe
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7. 2D BiCubic Spline Interpolation

Need to use adjacent points, estimate surfaces, and use values
within the surfaces.

Interpolate:

Will use 4 points and 12
derivatives to define a
bicubic splined surface and
and determine a;'s.

D.B. Rowe
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7. 2D BiCubic Spline Interpolation
System of Equations: 16 equations, 16 unknowns

System of Equations Y = Xa

4 equations from f(x,y)

3 3 o
f(xy)= Z‘,ZaijxlyJ
x,y=0,1 =01i=0
f(0,0) =ay,

f (11 O) =8y + 8y T 8y + 3y
f(0,1) =ay,, +a, +a, +a,;
f (111) =8yt +3a; ta,;

D.B. Rowe

Image 1(X,Y)




D.B. Rowe
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7. 2D BiCubic Spline Interpolation
System of Equations: 16 equations, 16 unknowns

System of Equations Y = Xa

4 equations from f (X,y) = % f(x,y)

3

3
f06y) =D aix ™y’
x,y:O,l j=0i=1
fx (010) = a'lO
f. (1,0) =1a, + 2a,, + 3a,,
fX(O,l) = ta; +ta,+a;,
f.Y) = 1a,+2a,, +3a, +1a,+2a,, +3a,

+ la, +2a,, +3a,, +1a, +2a,, + 3a,,

Image 1(X,Y)
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7. 2D BiCubic Spline Interpolation
System of Equations: 16 equations, 16 unknowns

System of Equations Y = Xa Image I(x,y)

4 equations from f, (X, y) =% f(xy)

0 e 0 0 @

3 3

B il
iyy(zéﬁ)_;;aijjxyj 1|e o o o
f,(0,0)=a, 2] e e e e

f y(110) =8y ta; +ay +a;
f y(0,1) =1a,, + 2a,, + 3a,,
f,LY) = 1la,+1a,+1a, +1a,

+ 2a,,+2a,+2a,, +2a,
+  3ay, +3a,; +3a,, + 3a,,

D.B. Rowe
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7. 2D BiCubic Spline Interpolation

System of Equations: 16 equations, 16 unknowns

System of Equations Y = Xa

2

OYOX

4 equations from f (X, y) = f(x,y)

3 3
ny(X, y) = Zzaij ijxi_lyj_l
x,y=0,1  1=01=0

f Xy (O’O) = a11
f,@0)=1a, +2a, +3a,

fy(01)=1a, +2a, +3a,
fy@&D) = la,+2a, +3a;

+ 2a, +4a,, +6a,,
+ 3a, +6a,, +9a,,

D.B. Rowe

Image 1(X,Y)
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7. 2D BiCubic Spline Interpolation
System of Equations: 16 equations, 16 unknowns

Need Image and Derivatives Image 1(x,Y) 1 0 1 2
F(xy)=1(x,y) 1fe o o o
f(xy)=[1(x+1y)-1(x-1y)]/2 0l e o o o
f,(Gy) =01y +D)—1(x,y-1)]/2 1o o o o
B, GY) =[1(X+Ly+D) - I(x=Ly) -1 y-D-1(x,Y1/4 2| e o o o
x,y=0,1

o l.e. at (0,0)
Use the graph to reason out the derivatives. ¢ (0,0)=[1(1,0) - 1(~1,0)]/ 2

Only using surrounding points for derivatives. £,(0,0)=[1(0,) ~ 1(0,~1)]/ 2
f,(0,0)=[1(L1) - 1(~1,0) - 1(0,~1) - 1(0,0)] / 4

D.B. Rowe
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7. 2D BiCubic Spline Interpolation

Values from image.

y = DI

f00] [0 0 0 00O 4 0 0 0 0 0O00O0O0O0 O][I-1-1)] _

f(1,0) 00 00O O 400 0O0O0O0O0O0 0| 10-1 Fxy)=1(xy)

£(0,1) 00 00O 0 0O0O 0O O0O0O0GOO O I1-1)

f (L) 00 00O O 0 OO 400000 0| 1(2-1

f (0,0) 00 00-20 2200 04000 0 0|I(-10

x X, ¥)=[1(x+1y)—-

f (1,0) 00 000 -2 02 0 0O0O0O0O0O0 0| 100 fx( ) =1I( Y)
£.(0,1) 00 000 0 0O0-20 20000 0| ILO 1 (x-1,y)]/2
f@)| 1/0 0 0 0 0 0 0 0 0 2020 0 0 0| 1(20)

f,00| 40 -2 0 0 0 0 0 0 0 2 0000 0 0| I(-11) f,0¢y)=[1(xy+1)
f,(10) 00 200 0 000 020000 0 10 “1(x,y-1]/2
£,0,0) 00 000 -20200 000020 0| 1LY ’

f,LD) 00 000 0 200 00000 20| 121 fy GY)=[1(Xx+Ly+1)
f,00]| [0 -1 0 0 -1 1 00 0 0 10000 0| I(-12)

f,(L0) 00 100 -1 100 001000 0|02 —1(x-1y)
£,(0.0) 00 00 0 -1 0 -1 1 0000 10| IL2) —1(x,y-1)
f,@)] |00 000 0 -10 0 -110000 1] 122 |

WL -1k )]/ 4

D.B. Rowe
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7. 2D BiCubic Spline Interpolation

Estimate coefficient values. _
The Money Slide

a=X"DI
a,] [0 0 0 0 0 16 0 0 0 0 0 0 0 0 0 O0I-1L-D]
ay, o 0 00 -8 0 8 0 0 0O O 0 0 0O 0 Of1I0-1
3, O 0 0O 0 16 -40 32 -8 0 0 0O 0 0 O 0 0| I@L-D
3, 0O 0 0 0 -8 24 24 8 0 0 0 0 0 0O 0 0fI@-1
3y, o -8 00 0 0O O O O 8 0 0 0 0O 0 O0]|1I(-10)
a, O 4 0 0 -4 4 0 0 0 0O 4 0 0 0 0 0| 100
a, 0 32 200 8 -4 -4 0 0 -24 16 -4 0 0 0 0| I@0)
a,| 1/0 20 12 0 -4 0 4 0 0 16 -12 4 0 0 0 O] 120
a,| 16/0 16 0 0 0O —40 0 O O 3 0 0 0 -8 0 0] I(-L1)
a, 0 8 0 0 32 -4 24 0 -20 -4 0 0 0 0 -4 0| 102
a,, 0 —64 40 0 —64 96 -68 24 40 —68 -16 -16 0 24 -16 O | 1(L1)
a, 0 40 —24 0 32 -52 52 —24 —20 40 16 16 0 -16 12 O | 1(21)
3, O -8 0 0 0 24 0 0 0 -24 0 0 0 8 0 4/|1(-12
a, 0O -4 0 0 -20 0 16 0 12 4 -12 0 0 0 4 -4 1002
a,, 0 32 —20 0 40 -52 40 -16 -24 52 -52 12 0 -24 16 -4| 1(L2)
la,| |0 20 12 0 —20 28 -32 16 12 -32 40 -12 0 16 -12 4| 1(22) |

recycle matrix

D.B. Rowe
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7. 2D BiCubic Spline Interpolation

Estimate coefficient values.

a=X"DI

Interpolate pixel values.

3 3
Fy)=> D ax'yl  owx<1o0<1

j=0i=0

Can do biquadratic in corners and linear-quadratic on sides.

D.B. Rowe
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7. 2D BiCubic Spline Interpolation
Example: 8x8 interpolate 1001 to 7015%x7015

Expanded

* biquadratic corners, linear-quadratic sides
Low Resolution Bilinear Interpolated BiCubic Spline Interpolated

. 4

smooth between patches
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7. 2D BiCubic Spline Interpolation
Example: 8x8 interpolate 1001 to 7015%x7015

Expanded

* bilinear edges
Low Resolution Bilinear Interpolated BiCubic Interpolated

still “kinky” between patches
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8. MRI Example

Bilinear

q.
O
X
q.
©
[
=
D
S
O

line

Cubic S

Original 256x256

D.B. Rowe 90
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8. MRI Example

Original 256%256 Original 64x64

D.B. Rowe Toggle Forward 91
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8. MRI Example
Original 256x256 BiLinear 99 6301

D.B. Rowe Toggle Forward/Back 92
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8. MRI Example
Original 256x%256 BiCubic 99 6301

D.B. Rowe Toggle Forward/Back 93
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8. MRI Example
Original 256%256 BiCubic Spline 99 6301

D.B. Rowe Toggle Back 94
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8. MRI Example

3500 .
-Original 256
eOriginal 64
a0} -BiLinear
-BiCubic Spline

3200 -

3100 -

3000
2900

2800 -

2700 L R

1] ] -500

0 16 32 48 64 80 96 112 128 144 160 176 192 208 224 240 25

D.B. Rowe
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BiLinear, Bicubic, & BiCubic Spline Interpolation:
- To estimate between known pixel values
- BiLinear fits a linear polynomial with cross term.
- BiCubic fits a third order piecewise polynomial.

- BiCubic Spline fits third order smooth polynomial
using discrete derivatives

- BiCubic Spline captures curvature through pixels.

D.B. Rowe




MU MSCS Spring 2018

D.B. Rowe

Thank You!

Questions?

Example




