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SOME PROBLEMS INVOLVING H-COLORINGS OF GRAPHS

Abstract
by
John Alan Engbers

For graphs G and H, an H-coloring of G, or homomorphism from G to H, is
an edge-preserving map from the vertices of G' to the vertices of H. H-colorings
generalize such graph theory notions as proper colorings and independent sets. In

this dissertation, we consider four questions involving H-colorings of graphs.

Recently, Galvin [27] showed that the maximum number of independent sets in a
an n vertex minimum degree § graph occurs (for sufficiently large n) when G = Kj,,_s.
First, we show this result holds for level sets: for all triples (n,d,¢) with 6 < 3 and
t > 3, no n-vertex graph with minimum degree ¢ admits more independent sets of

size t than Kj,_s;, and we obtain the same conclusion for 4 > 3 and ¢ > 26 + 1.

Second, we begin the project of generalizing Galvin’s result to arbitrary H. Writ-
ing hom(G, H) for the number of H-colorings of G, we show that for § =1 and § = 2
and fixed H,

hom(G, H) < max{hom(Kjs,1, H)#,hom(KM, H)3, hom(Ks,—s5, H)}

for any n vertex minimum degree § graph G (for sufficiently large n). For § > 3 (and
sufficiently large n), we provide a class of H for which hom(G, H) < hom(Ks,,—s, H)

for any G in this family.
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Third, for a given H, k € V(H), and regular bipartite G, we consider the pro-
portion of vertices of G that get mapped to k in a uniformly chosen H-coloring of G.
We find numbers 0 < a™ (k) < at(k) < 1 with the property that for all such G, with
high probability the proportion is between a~ (k) and a*(k), and we give examples

where these extremes are achieved.

Fourth, we study the set of H-colorings of the even discrete torus Z2 . For any H
and fixed m, we show that the space of H-colorings of Z¢ may be partitioned into
a subset of negligible size (as d grows) and a collection of subsets indexed by certain
pairs (A, B) € V(H)?, with each H-coloring in the subset indexed by (A, B) having
almost all vertices in one partition class mapped to A and almost all vertices in the

other partition class mapped to B.
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CHAPTER 1

INTRODUCTION

1.1 Introduction

In this dissertation we consider a variety of problems centered on extremal and
structural properties of H-colorings of graphs. We begin by describing these problems
while attempting to defer many of the technicalities to later chapters.

For G = (V(G), E(G)) a simple, loopless graph, and H = (V(H), E(H)) a graph
without multiple edges but perhaps with loops, an H -coloring of G, or homomorphism
from G to H, is a function f : V(G) — V(H) that preserves adjacency, that is,
which satisfies f(u) ~p f(v) whenever u ~g v (where ~, denotes adjacency in
x). See Figure . The term H-coloring is quite natural as we think of coloring
the vertices of G, with the palette of available colors being the vertices of H and
the edges of H telling us what pairs of colors are allowed to appear on adjacent
vertices of G. We write Hom(G, H) for the set of all H-colorings of G, and let
hom(G, H) = |[Hom(G, H)|. (Unless explicitly stated otherwise, all graphs in this
dissertation will be finite.)

H-colorings have a natural statistical physics interpretation as configurations in
hard-constraint spin systems. Here, the vertices of G are thought of as sites that
are occupied by particles, with edges of G representing pairs of bonded sites. The
vertices of H are the different types of particles (or spins), and the occupation rule
is that bonded sites must be occupied by pairs of particles that are adjacent in H.

A legal configuration in such a spin model is exactly an H-coloring of G.
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Figure 1.1. An example of an H-coloring of G.

When H = K, (where K|, is the complete loopless graph on ¢ vertices; see the
right-hand side of Figure[1.2), an element of Hom(G, K,) is a coloring of the vertices
of G from a palette of ¢ colors so that adjacent vertices receive different colors, which
is called a proper q-coloring of G. These have been widely studied throughout the
history of graph theory; for example, the four-color theorem states that all planar
graphs admit a proper 4-coloring. In statistical physics, a proper g-coloring is a
configuration in the zero-temperature q-state anti-ferromagnetic Potts model. Other
applications of vertex colorings are found in scheduling and assignment problems and

solutions to Sudoku.

Figure 1.2. An H-coloring of G using H = Kj.



Another important example occurs when H = Hwg (where Hwg is the com-
pletely looped path on three vertices; see the right-hand side of Figure . The
set Hom (G, Hwg) coincides with the state space of the Widom-Rowlinson model of
statistical physics (or WR model), introduced in [58] as a model of liquid-vapor phase
transitions. It models the placement of two repelling (but not self-repelling) particles

on sites, where not every site needs a particle.

f% R eXele

Figure 1.3. An H-coloring of G using the Widom-Rowlinson graph
H = Hwr.

A third example of an H-coloring occurs when H = H;,q (where Hj,q consists
of two vertices joined by an edge, with a loop at one of the vertices; see the right-
hand side of Figure [1.4). An element of Hom(G, Hinq) yields a set of vertices of G
which spans no edges (via the preimage of the unlooped vertex), which is called an
independent set (or stable set) of G. In statistical physics, an independent set is a
configuration in the hard-core lattice gas model, a model of the occupation of space
by large particles.

See for example [10] for a discussion of some of these models from a combinatorial

point of view, and [62] for a statistical physics oriented discussion.
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Figure 1.4. An H-coloring of G using H = Hiyg.

Let i(G) = hom(G, Hinq) be the total number of independent sets in G. Granville,
motivated by a question in combinatorial group theory, asked which graph in the
family of n-vertex d-regular graphs has the largest value of i(G) (see [2] for more
details of the combinatorial group theory background). An approximate answer —
i(G) < 2n/20+M) for all such G, where o(1) — 0 as d — oo — was given by Alon
in [2], and he speculated a more exact result, that the maximizing graph, at least
in the case 2d|n, is the disjoint union of n/2d copies of K44. See Figure [1.5] This
speculation was confirmed for bipartite G by Kahn [39] (and recently for general

regular G by Zhao [67]).

Figure 1.5. The disjoint union of copies of Kg 4.

Furthermore, Kahn showed in [39, [40] that the occupation probabilities induced



by a randomly chosen independent set are suitably close to the distribution which
picks a partition class and chooses an independent set at random from within that
partition class. This is a somewhat remarkable and non-obvious phenomenon which
gives a fairly complete description of most independent sets in any n-vertex d-regular
graph.

This is the point of departure for much of the dissertation: we consider related
extremal questions for both independent sets of a fixed size in graphs and also for
H-colorings of graphs, and we consider related structural questions for H-colorings

of graphs.

1.2 Extremal questions

An extremal question in graph theory has the following general form: given a
parameter f of graphs (a function f that assigns to each G a real number f(G)) and
a family G of graphs, what are the extremal values of f(G) as G ranges over G, and
which graphs achieve the extremes? Granville’s extremal question for independent
sets is the case where f(G) = i(G) and G is the family of n-vertex d-regular graphs
(and where he only looks to maximize i(G)). Extremal questions can be modified by
changing either the parameter or the family.

For instance, the extremal question for maximizing the number of independent
sets can be modified by changing the family of graphs under consideration. A few of
the other families that have been considered (in addition to n-vertex d-regular graphs
described above) include n-vertex trees [56], n-vertex m-edge graphs [I5], n-vertex
graphs with fixed independence number [69], n-vertex graphs with a given number
of cut-edges [36], and n-vertex claw-free graphs [54].

For a fixed t € {0,1,...,|V(G)|}, we let i,(G) denote the number of independent
sets of size t in G. The values i;(G) are the coefficients of the independence polynomial

of a graph (the polynomial Pg(z) =Y, 4:(G)z"). A related extremal question to ask



is: for each ¢, what is the largest value attained by i;(G) as G ranges over a family of
graphs? This question has also been studied for various families of graphs, including
n-vertex d-regular graphs (some asymptotic results in [12]), n-vertex m-edge graphs
[14], and n-vertex trees [65].

Notice that any n-vertex tree has minimum degree 1, and so another natural
family to study is the family of n-vertex graphs with fixed minimum degree J. Denote
this family by G(n,d). Our extremal questions become: which graphs G in G(n,J)
maximize i(G) and i,(G) for each t? Sapozhenko first studied the question for i(G)
in bipartite graphs in G(n, d) for large  in [60].

Since a set of vertices is independent if no edge is present among those vertices,
it is natural to conjecture that the extremal graph would have the least number of
edges possible (so it would be d-regular, or close to d-regular). This is surprisingly
not the case. In [27], Galvin showed that for n > 84% (and conjectured for n > 24)
that the unique graph in G(n,d) which admits the largest number of independent
sets is Kj,_s, the complete bipartite graph with ¢ vertices in one partition class
and n — 0 vertices in the other partition class. See Figure In that paper, he
conjectured that the same graph also maximizes the number of independent sets of
each nontrivial size t > 3, and showed this for § = 1 and n > 2. The case t = 2 is an
anomoly as it simply counts the number of non-edges in the graph G, and so in this
case the maximizer is indeed the graph with the least number of edges. (Also note
that the cases t = 0 and t = 1 have values 1 and n, respectively, for any G € G(n,d).)

Chapter |3| presents joint work with D. Galvin, in which we prove this conjecture

for a large range of n and t.

Theorem 1.2.1. 1. Fiz § € {2,3}, n > 26, and t > 3. Then for any G € G(n,0),

i(G) < ir(Ksns) = (" . 5) + (‘2)



Figure 1.6. The complete bipartite graph Kj 3.

2. Fix§>4,n>30+1, andt > 25+ 1. Then for any G € G(n,0),

. . n—a
0 <isnn) = (")
The precise statement of what we prove is the content of Theorem [3.1.4] where we
also characterize the cases of equality. A key ingredient in the proof of Theorem
is our study of critical graphs (graphs where the deletion of any edge or vertex lowers
the minimum degree), which are an important subfamily of the family of graphs with

a fixed minimum degree. These results appear in [22], which has been submitted for

publication.

Realizing that we can view independent sets as a particular instance of an H-
coloring, the following question is quite natural: given a family of graphs G, which
G in G maximize hom(G, H) for each H? For the family of n-vertex m-edge graphs,
this question was posed for proper g-colorings (H = K,) in the 1980’s by Linial [4§]
and Wilf [64]. The answer has not fully been resolved; for recent progress see e.g. [49)
and the references therein. Results for some other choices of H appear in [15] [16].

For n-vertex d-regular bipartite graphs, recall that Kahn [39] showed that i(G) <
i(Kg4)"? for any G in this family. Using the identification of an independent set
with an H;,q-coloring of G, we can write this as hom(G, Hing) < hom(K 4, Hipg)™/%2.
Galvin and Tetali [32] generalized his entropy techniques and showed that for any
H and G in this family, hom(G, H) < hom (K4, H)2i. (Notice that when 2d|n the

bound is achieved by 75 K44, the disjoint union of n /2d copies of K;44.) The fact that



this holds for every H is quite striking.

For the family of n-vertex d-regular (not necessarily bipartite) graphs, Kahn’s
bound hom(G, Hipg) < hom(Ky g, Hig)™?* continues to hold for all G in this larger
family (as demonstrated by Zhao [67]). It is tempting to believe that Galvin and
Tetali’s bound for arbitrary H extends to this larger family as well. There is in-
deed a large class of H for which hom(G, H) < hom(K,4, H)?@ holds among all
n-vertex d-regular G (see [28, [68]; evidence for proper g-colorings is given in [29]).
However, Galvin [28] has demonstrated triples (n,d, H) for which hom(G, H) <
hom (K41, H)@1 for all G in this family.

For G(n,d), the family of n-vertex graphs with minimum degree ¢, the extremal
graph for independent sets in this family (with n large) is G = Kj,,_s [27]. In Chapter
[], we extend this result to H-colorings for a large class of H, and for small fixed § we
show that all other H are maximized by either G = Jx K55 or G = 52_1K5+1 (when
2600+ 1)|n).

For the statement of this theorem, we assume that loops count once toward the

degree of a vertex, and we let Ay denote the maximum degree of H.

Theorem 1.2.2. 1. Fiz H and 6 € {1,2}. There ezists a ¢ (depending on H and J)
such that forn > ¢ and G € G(n,0), we have

hom (G, H) < max{hom(Kss, H)2, hom (K, H)51, hom(Ky,_5, H)}.
2. Fiz H and 0. If H satisfies 3, cy ) d(v) < (Ag)?, then there exists a c (depending
on H) such that forn > ¢ and G € G(n,d), we have

hom(G, H) < hom(Ks,,—s, H).

The precise statement of what we prove is the content of Theorems 4.1.6}
and [4.1.7, where we also characterize the graphs that achieve equality. The proofs of
the § = 1 and 0 = 2 results involve analyzing edge-critical graphs (graphs with the

property that the deletion of any edge lowers the minimum degree). The proof of



the general 0 result partitions G(n,d) based on the size of a maximum matching in
the graph, shows that a large matching cannot be present in an extremal graph, and
analyzes those graphs with a small maximum matching size. These results appear in

[19], and are being prepared for publication.

1.3 Structural questions

Chapters[3|and [4] deal with extremal questions for H-colorings of graphs; Chapters
and [6] address the rather different question of the typical appearance of an H-
coloring of a graph G. At this point, we’ll motivate the results of Chapters 5] and [0]
using the language of proper g-colorings; the theorems and proofs in those chapters
will be suitably generalized to H-colorings.

Recall that a proper g-coloring of a graph G is a coloring of the vertices of G from
a palette of ¢ colors so that adjacent vertices receive different colors. Suppose that
we fix a regular bipartite graph G on n vertices, and fix a particular equipartition
UUW. (We will assume this equipartition is fixed for any regular bipartite G
under consideration; if G is connected, then U and W are essentially unique.) A
result from Galvin and Tetali [32], extending Kahn’s beautiful entropy techniques for
independent sets [39], gives nearly matching upper and lower bounds on the total
number of proper ¢-colorings of G. However, their result gives little insight into the
typical structure of these colorings, and it is natural to ask what a uniformly chosen
proper g-coloring of G typically looks like.

In [39], Kahn answers this for independent sets (in fact, for weighted independent
sets). He showed that independent sets exhibit phase coeristence in the sense that
most independent sets in G tend to come either mostly from U or mostly from W.
In particular, he showed that the size of an independent set is close to n/4, which is
the expected size for an independent set chosen according to the distribution which

half the time picks an independent set exclusively from U and half the time picks



exclusively from W.

The analogous distribution for a proper g-coloring of G is the following: color G
by using some fixed |[Z] colors independently on the vertices of the partition class
U (or W) and using the remaining [4] colors independently on the vertices of the
partition class W (U). We call a coloring obtained from this distrubution a pure
proper q-coloring. It seems reasonable to think that most proper g-colorings of GG
should be, in some sense, close to some pure proper g-coloring.

Chapter [5] represents joint work with D. Galvin where we show that this is true
in the sense that the typical proper ¢-coloring of GG has each color appearing on
approximately the same proportion of vertices as would be expected from a pure
proper g-coloring of G.

Theorem 1.3.1. Given an n-vertex, d-regqular bipartite graph G, almost all proper

q-colorings have each color appearing on a proportion between q% and q%l of the

vertices (for q odd) or on a proportion close to é of the vertices (for q even).

So for even ¢, almost all proper g-colorings of a regular bipartite graph are “almost
equitable”. Notice that by the symmetry of the colors the expected number of vertices
receiving a particular color is n/q.

The precise statement of what we prove, which is suitably generalized to weighted
H-colorings, is the content of Theorem (the corollary addressing proper g-
colorings is Corollary . In this more general result, some H are similar to the
q odd case of Theorem [1.3.1], where the proportion of vertices receiving a particular
color lies in some interval. In these cases, the random regular bipartite graph shows
that these intervals are sharp (see Theorem [5.1.4). However, most H are similar to
the ¢ even case of Theorem [1.3.1] where the proportion of vertices receiving a partic-
ular color is concentrated around a single value. We also remark that the condition
of regularity can be relaxed somewhat (see Theorem , and in Corollary

we apply this to show that if edge percolation is run on GG with probability p, then

10



for many H there is a threshold occurring at p = 1/d. These results appear in the

Journal of Combinatorial Theory, Series B [20].

For certain graphs and their set of proper g-colorings we have results about the
actual distributions of the colors among the two partition classes and not just their
occurrence probabilities. This is true for the random regular bipartite graph, as
is shown in the proof of Theorem by critically using its excellent expansion
properties.

In Chapter [6] which is joint work with D. Galvin, we refine the entropy techniques
of Kahn [40] to obtain results for the d-dimensional discrete hypercube Q4 (the graph
on vertex set {0, 1}¢ with edges joining strings that differ in one coordinate; see Figure
1.7), which has much weaker expansion than the random regular bipartite graph. Qg
is an widely studied graph which often acts as a test-bed for results on the harder to
study infinite regular lattice Z¢. Related results have been obtained on Qg for proper

3-colorings [23, [55] and independent sets [43].

Figure 1.7. The 3-dimensional discrete hypercube @)s.

Theorem 1.3.2. All but a vanishing proportion of proper q-colorings of Q4 have | ]

colors each appearing on a proportion (1 + 2_Q(d)) ﬁ of the vertices in one partition

11



class, and the remaining [L] colors each appearing on a proportion (1 + Z*Q(d)) ﬁ

of the vertices in the other partition class.

In other words, almost all proper g-colorings of ()4 differ from some pure proper
g-coloring of ()4 on only some small number of vertices. We are actually able to prove
Theorem [1.3.2]in a far more general setting, that of weighted H-colorings of the even

discrete torus {0,1,...,m — 1}¢ (for m > 2 even). The precise statement of what we

prove is the content of Theorems|6.1.1] and [6.1.2]

One application of Theorem is the following surprising long-range influence

result.

Theorem 1.3.3. Let v # w be vertices in (Qy. Choose a uniform proper q-coloring
of Qg4 conditioned on the information that w receives color 1. Then the asymptotic
probability that v receives color 1 is either % (if v and w are in the same partition

class) or 0 (if v and w are not in the same partition class).

Note that without conditioning on the color of w, the probability that v receives
color 1 is exactly 1/¢ (by symmetry).

Theorem generalizes to weighted H-colorings of the discrete even torus as
well; the precise statement of what we prove is the content of Theorem m (the
corollary specifically addressing proper g¢-colorings is Corollary . These results

appear in the Journal of Combinatorial Theory, Series B [21].

Chapter [2| presents much of the notation that we will use in this dissertation.
Chapters , , , and @ (containing the substantial results) can be read essentially
independently of each other; they all use the notation developed in Section [2.1
Chapter [3 requires the additional notation and results from Section 2.2 Chapter []
requires the additional notation and results from Sections and 2.3 and each of

Chapters [o] and [6] require the additional notation from Section

12



CHAPTER 2

NOTATION, CONVENTIONS, AND PRELIMINARY MATERIAL

2.1 Basic definitions, notation, and conventions

In this section, we gather together some of the basic definitions and notation that
we will use. Any additional notation will be defined as it is needed. For graph theory
basics, see e.g. [5], [17].

Let G = (V(G), E(G)) be a finite, undirected graph with no multi-edges. Any
graph named G (or some derivative of G) will always be loopless; any graph named H
(or some derivative of H) may have loops. Throughout we will assume |V (G)| = n.
For v,w in V(G), we write v ~ w (or v ~¢ w to emphasize the graph G) if there is
an edge from v to w, and v ~ w if there is not. Set N(v) = {z : & ~ v} (N(v) is the
neighborhood of v). For A, B C V(G) we use N(A) for UyeaN(v), and write A ~ B
ifa~bforallae Aandbe B.

An independent set I C V(G) is a set of vertices that spans no edges, and the
size of an independent set is |I|. The number of independent sets of size ¢t in G is
denoted i;(G), and the total number of independent sets in G is denoted i(G) (so
i(G) = ,i(G)).

A graph is bipartite if its vertex set can be partitioned as £ U O so that £ and O
are independent sets.

For a vertex v € V(G), we denote the degree of v by d(v) (or dg(v) to emphasize
the graph G). For degrees in graphs H (where loops are allowed), we utilize the

convention that loops count once toward the degree (i.e. d(v) = |N(v)|). The min-
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imum and maximum degrees of graphs G are denoted §(G) and A(G), respectively.
A graph is regular if §(G) = A(G) and d-regular if 6(G) = A(G) = d.

We let K,, denote the complete graph on n vertices, K,; the complete bipartite
graph with a vertices in one partition class and b vertices in the other partition class
(with the star on n vertices being the special case K ,-1), P, the path on n vertices,
and C,, the cycle on n vertices. For m € N we let mG denote the graph consisting of
m disjoint copies of the graph G.

We use G[Y] to denote the subgraph induced by a subset Y of the vertices, and
E(Y) to denote the edge set of this subgraph. When appropriate we abuse notation
by failing to distinguish between a graph and the set of vertices of a graph; for
example we will write dy (v) instead of dgpy(v).

For t € N and x € R, we let ¢ indicate the falling power x(z —1) -+ (x — (t — 1)),
and we let (f) = ’;—f

We use the standard Bachmann-Landau notation, with f = o(g) and f = w(g)
indicating, respectively, that f/g — 0 and f/g — oo as some variable (often n)
approaches infinity; f = O(g) and f = Q(g) indicating, respectively, that |f| < C|g|
and |f| > C|g| for some constant C; and f = ©(g) indicating that both f = O(g)
and f = Q(g) hold.

2.2 Definitions, notation, and preliminary material for minimum degree d graphs

In Chapters [3] and [4, we will be dealing with n-vertex graphs with minimum
degree 9. Here we provide some definitions and structural results that will be used.

For integers § > 1 and n > 1, we let G(n,d) denote the set of all graphs on n
vertices with minimum degree 6. For a graph G € G(n,d), we let V_s (= V_s(G))
denote the set of vertices with degree ¢, and V55 (= V55(G)) denote the set of vertices
of G with degree larger than ¢ (so V_s and V< partition V(G)).

A graph G with minimum degree ¢ is edge-critical (for §) if for any edge e in G,
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the minimum degree of G — e is § — 1. It is vertez-critical (for ) if for any vertex v
in GG, the minimum degree of G — v is § — 1. If it is both edge- and vertex-critical,
we say that G is critical (for d).

Edge-critical graphs in G(n, 1) are disjoint unions of stars, and the only critical
graph in G(n, 1) is the matching graph 7 K.

We have an inductive decomposition of all edge-critical graphs in G(n, 2).

Lemma 2.2.1. Fiz 6 = 2. Let G be a n-vertex edge-critical graph. Either

1. G is a disjoint union of cycles or

2. V(G) can be partitioned as Yy UYy with 1 < |Yy| < n — 3 in such a way that Y,
induces a path, Yo induces a graph with minimum degree 2, each endvertex of the
path induced by Yy has exactly one edge to Ys, the endpoints of these two edges in
Y5 are either the same or non-adjacent, and there are no other edges from Y, to

Y, (see Figure[2.1]).

1 O—0O0—0—0-—0

w0 0 O

Figure 2.1. A example of a path of length 5 (|Y;| = 5) given in Lemma
2211

Proof. If G is not a disjoint union of cycles, then it has some vertices of degree greater
than 2. If some component contains exactly one such vertex, say v, then by parity
considerations d(v) is even and at least 4. Since all degrees are even, the edge set
in that component may be partitioned into cycles. Take any cycle through v and

remove v from it to get a path whose vertex set can be taken to be Y;.
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Suppose now that some component of G has at least two vertices with degree
larger than 2. Since G is edge-critical, V-4 forms an independent set and so there is a
path on at least 3 vertices joining distinct vertices vy, vy € Vig, all of whose internal
vertices uq, ..., u; have degree 2 (the shortest path joining two vertices in V55 would
work). We may now take Y = {uy,...,ux}. Note that the Y5 endpoints (v; and vy)

of the edges from u; and wu; to Y are both in V.5 and so are non-adjacent. O]

Remark. If we restrict to the subclass of critical graphs in G(n,2), then we obtain
the same conclusion with 2 < |Y;| < n — 3 (instead of 1 < |Y;| < n — 3). Indeed,
|Y1] = 1 implies that deleting the single vertex in Y] leaves a graph with minimum

degree 2, which contradicts the assumption that G is vertex-critical.

Corollary 2.2.2. Fix 6 = 2. Let G be a n-vertex edge-critical graph. Then G may

be constructed via the following iterative procedure:

e Start with a non-empty collection of disjoint cycles;

e Neut, iteratively add a collection paths of length k > 2 which connect to existing
vertices of the graph only at the endpoints of the path;

e Finally, add a collection of paths of length 1 to the graph (all at the same time).

Proof. By Lemma [2.2.1] paths can be removed inductively until a collection of dis-
joint cycles remain, and so we may construct any graph G starting with the cycles.
Reversing this, we may iteratively add paths of length £ > 1 to produce G. The
content of this corollary is that G may be constructed by adding all paths of length
k > 2 before the paths of length 1, and the paths of length 1 may all be added at the
same time.

Why is this possible? Adding a path of length 1 creates a vertex of degree 2
adjacent to two vertices of degree at least 3. Since G is edge-critical, no future path

will connect to this vertex of degree 2. O]
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2.3 Definitions and notation for H-colorings

Chapters , and @ deal with (weighted) H-colorings of certain graphs and classes
of graphs. We provide some notation here.

Recall that for a graph G and a graph (possibly with loops) H an H-coloring of
G (or graph homomorphism) is an edge preserving map from V(G) to V(H). We
emphasize that any definition pertaining to graphs G from Section [2.1] will continue
to hold for graphs H, with the exception that we assume H may have loops and we
assume |V (H)| = ¢ (so, for example, for A, B C V(H) we let A ~ B indicate that
a~bforalla € Aand b€ B). We let Hom(G, H) denote the set of all H-colorings
of G and hom(G, H) = |Hom(G, H)|. We frequently refer to elements of V(H) as
colors, and say that a vertex of G is colored k if its image in the H-coloring under
consideration is k.

The graph Hwgr will denote the fully looped path on 3 vertices (see the right-hand
side of Figure and the graph Hj,q will denote the graph consisting of an edge
and one looped endvertex (see the right-hand side of Figure .

From a statistical physics standpoint, there is a very natural family of probability
distributions that can be put on Hom(G, H). Fix a set of positive weights A =
{N\i i € V(H)} indexed by the vertices of H. We think of the magnitude of \; as
measuring how likely particle k is to appear at each site. This can be formalized by

giving each f € Hom(G, H) weight wx(f) =[] (@) AMf(v) and probability

veV

w(f)

PA(f)Zm

where Z)(G,H) = ZfeHom(G,H) wp(f) is the appropriate normalizing constant or
partition function of the model. When all weights are 1, Z,(G,H) = hom(G, H)
and p, is uniform measure. In this special case, we will often omit the reference to

A (e.g. we will write p(f) for pa(f)). Interestingly, several proofs of results about
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unweighted H-colorings (including those in Chapter|5|) require passing to the weighted
model first; other examples of this phenomenon may be found in e.g. [39] 41].

For S C Hom(G, H) and T' C V(H) we write wa(S) for 3 ;gwa(f) and Ar for
Y oker Ak (so if A; =1 for all ¢, then wy (S) = |S| and Ap = [T|). Set

na(H) = max{A\aAp: A,BC V(H), A~ B}.

When \; = 1 for all i, n(H) is (essentially) measuring the size of the largest bipar-
tite subgraph of H, where size is measured by the number of edges; nx(H) is then

measuring the size of the largest weighted bipartite subgraph of H. Set

Ma(H) ={(A,B) e V(H)*: A~ B, \arg =na(H)};

in other words, M (H) is counting the number of different realizations of the largest
weighted bipartite subgraph in H.

If G is a regular bipartite graph with fixed bipartition £ U O, then given A, B C
V(H) with A ~ B, a pure-(A, B) coloring is an f € Hom(G, H) with f(u) € A for
all w € £ and f(v) € B for all v € O. Notice that if |€|] = |O| = k, then there are
na(H)* pure-(A, B) colorings of G.

In Chapter [6] we’ll focus on H-colorings of the even discrete torus, which is the
graph on vertex set V = {0,1,...,m — 1}¢ (for m even and d > 1) with edge set
E consisting of all pairs of strings that differ by exactly 1 (mod m) on exactly one
coordinate. For m > 4 it is 2d-regular and bipartite. In the case m = 2, the even
discrete torus is d-regular and bipartite, and it is isomorphic to the familiar Hamming
cube or discrete hypercube (the graph on vertex set {0, 1} with edge set consisting
of all pairs of strings that differ on exactly one coordinate). For this special case we
use the more familiar notation Q).

Section [6.4.2) contains additional technical notation that we use in Chapter [6]
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CHAPTER 3

INDEPENDENT SETS OF A FIXED SIZE

3.1 Introduction and statement of results

Recall that an independent set in a graph G is a set of vertices spanning no edges,
and that i(G) denotes the number of independent sets in G. In [56] this quantity is
referred to as the Fibonacci number of G, motivated by the fact that for the path
graph P, its value is a Fibonacci number. It has also been studied in the field of
molecular chemistry, where it is referred to as the Merrifield-Simmons index of G
[52].

A natural extremal enumerative question to ask is the following: as G ranges over
some family G, what is the maximum value of i(G), and which graphs G achieve this
maximum?

This question has been addressed for numerous families. Prodinger and Tichy [50]
considered the family of n-vertex trees, and showed that the maximum is uniquely
attained by the star K;,_;. Kahn [39] considered the family of n-vertex d-regular
bipartite graphs and showed that when 2d|n the maximizing graph is 35 K4, the dis-
joint union of n/2d copies of K, 4; Zhao [67] extended Kahn’s result to the family of
n-vertex d-regular graphs. The family of n-vertex, m-edge graphs was considered by
Cutler and Radcliffe in [15], and they observed that it is a corollary of the Kruskal-
Katona theorem [42] [44] that the lex graph L(n,m) (on vertex set {1,...,n}, with
edges being the first m pairs in lexicographic order) maximizes i(G) in this class.

Zykov [69] considered the family of graphs with a fixed number of vertices and fixed
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independence number, and showed that the maximum is attained by the complement
of a certain Turdn graph. (Zykov was actually considering cliques in a graph with
given clique number, but by complementation this is equivalent to considering inde-
pendent sets in a graph with given independence number.) Other papers addressing
questions of this kind include [36, 47, 54, 60].

Having resolved the question of maximizing i(G) for G in a particular family, it
is natural to ask which graph maximizes i;(G), the number of independent sets of
size t in G, for each possible t. For many families, it turns out that the graph which
maximizes i(G) also maximizes i;(G) for all ¢. Wingard [65] showed this for trees,
Zykov [69] showed this for graphs with a given independence number (see [14] for a
short proof), and Cutler and Radcliffe [14] showed this for graphs on a fixed number
of edges (again, as a corollary of Kruskal-Katona). In [39], Kahn conjectured that
for all 2d|n and all ¢, no n-vertex, d-regular graph admits more independent sets of
size t than the disjoint union of n/2d copies of K,4; this conjecture remains open,
although asymptotic evidence appears in [12].

In this chapter, we consider the family G(n, ) of n-vertex graphs with minimum
degree J, and we look at maximizing i(G) and i;(G) for graphs in G(n,0). First, we
consider the extremal problem for i(G). Intuitively, one might imagine that since
removing edges increases the count of independent sets, the graph in G(n,d) that
maximizes the count of independent sets would be d-regular (or close to d-regular),

but this turns out not to be the case. The following result is due to Galvin [27].

Theorem 3.1.1 (Galvin, 2011 [27]). Forn > 2 and G € G(n,1), we have i(G) <
i(Kin1). For§>2,n>806% and G € G(n,d), we have i(G) < i(Ks,_s).

What about maximizing i,(G) for each ¢? Unlike the family of n-vertex trees [65],
n-vertex m-edge graphs [14], and n-vertex d-regular graphs (conjectured in [39], with
asymptotic evidence in [12]), the family G(n,d) is an example of a family for which

the maximizer of the total count is not the maximizer for each individual ¢. Indeed,
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consider the case t = 2. Maximizing the number of independent sets of size two is the
same as minimizing the number of edges, and it is easy to see that for all fixed ¢ and
sufficiently large n, there are n-vertex graphs with minimum degree at least 6 which
have fewer edges than Kj, s (consider for example a d-regular graph, or one which
has one vertex of degree § + 1 and the rest of degree ¢). However, we expect that
anomalies like this occur for very few values of ¢t. Indeed, the following conjecture is

made in [27].

Conjecture 3.1.2 (Galvin, 2011 [27]). For each § > 1 there is a C(0) such that for
allt > C(d), n > 20 and G € G(n,?), we have

i(G) < iy(Kypg) = (” . 5) + (‘2)

The case 6 = 1 of Conjecture is proved in [27], with C(1) as small as it
possible can be, namely C'(1) = 3. In [I], Alexander, Cutler and Mink looked at the
subfamily GP(n, &) of bipartite graphs in G(n,§), and resolved the conjecture in the

strongest possible way for this family.

Theorem 3.1.3 (Alexander, Cutler, Mink 2012 [1]). For § > 1, n > 2§, t > 3 and
G € GMP(n,§), we have iy(G) < iy (Ksn_s).

This provides good evidence for the truth of the strongest possible form of Con-
jecture [3.1.2] namely that we may take C'(§) = 3.

We make significant progress towards this strongest possible form of Conjecture
B.1.2l We completely resolve the cases § = 2 and 6 = 3, and for larger § we deal with

all but a small fraction of cases.

Theorem 3.1.4. 1. For § =2,t> 3 and G € G(n,2), we have i;(G) < i;(K2pn_2).
Forn > 5 and 3 <t <n —2 we have equality iff G = Ky,_2 or G is obtained
from Ky ,,_o by joining the two vertices in the partite set of size 2.
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2. For § =3,t> 3 and G € G(n,3), we have i;(G) < i;(K3,-3). Forn > 6 and
t = 3 we have equality iff G = Ks,_3; formn > 7 and 4 <t < n — 3 we have
equality iff G is obtained from Ks,_3 by adding some edges inside the partite set
of size 3.

3. For§>3,t>20+1 and G € G(n,0), we have i;(G) < iy(Ks,-5). Forn > 35+1
and 20 +1 <t <n — ¢ we have equality iff G is obtained from Ks,_s by adding
some edges inside the partite set of size 0.

(Note that there is some overlap between parts|2|and [3|above.) Recently, Law and
McDiarmid [45] have found a proof of Conjecture [3.1.2) that holds for all n sufficiently
large, 0 = o(n'/?), and ¢ > 3; Theorem part |3 holds for a larger range of n but
a smaller range of t.

In Section [3.2f we make some easy preliminary observations that will be helpful in
the proof of Theorem . We will prove the case 6 = 2 (part || of Theorem
in Section [3.3] We begin Section [3.4] with the proof of part [3] of Theorem [3.1.4] and
then explain how the argument can be improved (within the class of critical graphs).
This improvement is an important ingredient in the proof of the case § = 3 (part
of Theorem whose proof we present in Section

We also note that part [I] of Theorem provides an alternate proof of the § = 2

case of the total count of independent sets, originally proved in [27].

Corollary 3.1.5. Forn >4 and G € G(n,2), we have i(G) < i(Ky,—2). Forn =4

and n > 6 there is equality iff G = Ka .

Proof. The result is trivial for n = 4. For n = 5, it is easily verified by inspection,
and we find that both C5 and K33 have the same total number of independent sets.
So we may assume n > 6.

We clearly have i(Kj3,, ) < i(Kyy,—2), where K5, o is the graph obtained from
K5 ,,—2 by joining the two vertices in the partite set of size 2. For all G € G(n,?2)
different from both K, 5 and K3, ,, Theorem part |1| tells us that i,(G) <

it(Kyp2) —1for3<t<n-—2 Fort=0,1,n—1andn we have i;(G) = i;(K2,_2)
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(with the values being 1, n, 0 and 0 respectively). We have i5(G) < (3) — n (this is
the number of non-edges in a 2-regular graph), and so

i(Q) < ia(Kap_s) + <Z) - (” ) 2) 1 =is(Kopo) bn—4.  (3.1)

Putting all this together we get i(G) < i(K2pn_2).

If G is not 2-regular then we have strict inequality in and so i(G) < i(Kyp—2).
If G is 2-regular, then (as we will show presently) we have i5(G) < i3(Ka,-2) — 1
and so again i(G) < i(Ks,—2). To see the inequality concerning independent sets
of size 3 note that in any 2-regular graph the number of independent sets of size 3
that include a fixed vertex v is the number of non-edges in the graph induced by the
n — 3 vertices V' \ {v,z,y} (where z and y are the neighbors of v), which is at most

(”;3) — (n —4). Tt follows that

O

We also obtain some results in the range where n < 20. Note that in the range
n > 20 we (conjecturally) maximize the count of independent sets by extracting as
large an independent set as possible (one of size n — §). In the range n < 2§ this
is still the largest independent set size, but now it is possible to have many disjoint

independent sets of this size. The following conjecture seems quite reasonable.

Conjecture 3.1.6. For § > 1, 6+ 1 <n <24, and G € G(n,9), we have i(G) <

i(Kn—sn—s,.n—sx), where 0 <z <mn — 0 satisfiesn =x (modn —9).

When n — § divides n (that is, = 0), we prove Conjecture and answer the

related question for i,(G) for every t.
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Theorem 3.1.7. Ford > 1,6+ 1<n <26 with (n—90)|n, t € Z, and G € G(n,0),

..........

The case n = 26 was originally proved in [I]. Our proof of Theorem is a

consequence of an upper bound on i;(G) for any G € G(n, ) and will be given in the

discussion around ((3.2)).

3.2 Preliminary observations

For integers n, § and ¢, let P(n,d,t) denote the statement that for every G €
G(n,d), we have i;(G) < i4(Ks,-5). An important observation is that if we prove
P(n,0,t) for some triple (n,d,t) with ¢t > 6 + 1, we automatically have P(n,d,t+ 1).
The proof introduces the important idea of considering ordered independent sets, that

is, independent sets in which an order is placed on the vertices.

Lemma 3.2.1. For 6 > 2 andt > § + 1, if G € G(n,9) satisfies i;(G) < ix(Ksn—s)
then i141(G) < i1 (Ksn—s). Moreover, if t < n — 9 and iy(G) < i(Ks,u—s) then

it+1(GQ) <ipr1(Ksn—s)-
Corollary 3.2.2. For§ > 2 andt >+ 1, P(n,0,t) = P(n,0,t+1).

Proof. Fix G € G(n,d). By hypothesis, the number of ordered independent sets in G
of size t is at most (n — )t For each ordered independent set of size ¢t in G there are
at most n — (¢ + 0) vertices that can be added to it to form an ordered independent
set of size t+ 1 (no vertex of the independent set can be chosen, nor can any neighbor
of any particular vertex in the independent set; see Figure .

This leads to a bound on the number of ordered independent sets in G of size
t+1of (n—08)n — (t+90)) = (n— 5 Dividing by (¢t + 1)!, we find that
i41(G) < (Z:f) = G1(Ksn—s).

If we have i,(G) < (”;6) then we have strict inequality in the count of ordered

independent sets of size ¢, and so also as long as n — (§ +t) > 0 we have strict
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Figure 3.1. An illustration of the restrictions when adding a vertex to the

ordered independent set (v, va, V3. .., 0;).
inequality in the count for ¢ + 1, and so i;41(G) < (?;f ) ]

Given Corollary [3.2.2} in order to prove P(n,d,t) for all ¢ > ¢(J) it will be enough
to prove P(n,d,t(d)). Many of our proofs will be by induction on n, and will be

considerably aided by the following simple observation.

Lemma 3.2.3. Fizt > 3. Suppose we know P(n—1,4,t), and let G € G(n,d) be such
that there is v € V(G) with G —v € G(n — 1,0) (i.e. G —v has minimum degree 0).
Then i:(G) < it(Ksn—s). Equality can only occur if all of 1) i;(G —v) = i(Kspn-1-s),
2) G —v— N(v) is empty (has no edges), and 3) d(v) =& hold.

Proof. Counting first the independent sets of size ¢ in G that do not include v and
then those that do, and bounding the former by our hypothesis on P(n —1,4,t) and
the latter by the number of subsets of size t — 1 in G — v — N(v), we have (with Ej

the empty graph on k vertices)

(@) = (G =)+ i1 (G —v— N(v))
< i(Ksn-1-5) +it—1(En-1-dw))
- CE0-
- ("))
= i(Ksn_s)-

The statement concerning equality is evident. O]
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Lemma [3.2.3] allows us to focus on graphs with the property that each vertex has
a neighbor of degree §. Another simple lemma further restricts the graphs that must

be considered.

Lemma 3.2.4. If G’ is obtained from G by deleting edges, then for each t we have
iW(GQ) < i (G).

Lemmas [3.2.3] and [3.2.4] allow us to concentrate mostly on critical graphs. In

Section [2.2] (specifically Lemma [2.2.1]) we obtained structural information about crit-
ical graphs in the case 6 = 2, while much of Section |3.5]is concerned with the same

problem for § = 3.
By imagining counting ordered independent sets first, an easy upper bound on
the number of independent sets of size ¢ > 2 in a graph with minimum degree ¢ is

n—((5+1))(n—((5+2))---(n—(5+(t—1))).

iW(G) < t -

(3.2)

This bound assumes that each vertex has degree ¢, and moreover that all of the
vertices in any independent set share the same § neighbors. This upper bound is in
fact tight in the situation of Theorem [3.1.7] (and is the proof of the theorem), but is
not tight in general.

We will obtain better upper bounds by considering more carefully when these two
conditions actually hold, as having many vertices which share the same neighborhood
forces those vertices in the neighborhood to have large degree (when n > 24). Most
of the proofs proceed by realizing that a critical graph must have at least one of a
small list of different structures in it, and we exploit the presence of a structure to

significantly dampen the easy upper bound in ((3.2)).
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3.3 Proof of Theorem [3.1.4] part |1} (§ = 2)

Recall that we want to show that for 6 = 2, t > 3 and G € G(n,2), we have
it(G) < iy(Ky,-2), and that for n > 5 and 3 < t < n — 2 we have equality iff
G = Ky, or Kj,,_, (obtained from G by joining the two vertices in the partite set
of size 2). We concern ourselves initially with the inequality, and discuss the cases of
equality at the end. By Corollary [3.2.2] it is enough to consider ¢ = 3, and we will
prove this case by induction on n, the base cases n < 5 being trivial. So from here on
we assume that n > 5 and that P(m, 2, 3) has been established for all m < n, and let
G € G(n,2) be given. By Lemmas and we may assume that G is critical.

We first state a well-known lemma (see e.g. [35]).

Lemma 3.3.1. Let k> 1 and 0 <t < k+ 1. In the k-path P, we have

() = <k+t1—t)

Letk >3 and 0 <t <k —1. In the k-cycle C}, we have

k—t k—t—1
(Ck) = :
it(Ck) ( ¢ ) + ( f 1 >
Armed with Lemmas and (in particular the remark following Lemma

2.2.1) we now show that for critical G we have

i5(G) < is(Kan_s) = (” N 2).

If G is the n-cycle, then we are done by Lemma |3.3.1} If G is a disjoint union of
cycles, then choose one such, of length &, and call its vertex set Y, and let Y5 = V'\ V7.
We will count the number of independent sets of size 3 in G' by considering how the

independent set splits across Y; and Y5.
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By Lemma m, there are (kgg) + (k;4) independent sets of size 3 in Y] (note
that this is still a valid upper bound when k£ = 3), and by induction there are at most
("7572) independent sets of size 3 in Y;. There are ((kgl) — 1) (n — k) independent
sets with two vertices in Y} and one in Y, (the first factor here simply counting the
number of non-edges in a k-cycle). Finally, there are k ((”_};_1) — 1) independent
sets with one vertex in Y] and two in Y5 (the second factor counting the number of
non-edges in a 2-regular graph on n — k vertices). The sum of these bounds is easily
seen to be (”§2) — k, so strictly smaller than ("gz)

We may now assume that G is not 2-regular. Let Y; be as constructed in Lemma
2.2.1] Since we are considering critical G, by the remark following Lemma [2.2.1] we
may assume that |Y;| > 2. Denote by vy, vy the neighbors in Y, of the endpoints of
the path. Note that it is possible that v; = vq, but if not then by Lemma we
have vy » v9. We will again upper bound i3(G) by considering the possible splitting

of independent sets across Y; and Y5.

By Lemma m, there are (ng) independent sets of size 3 in Y7, and by induction

n—k—2

3 ) independent sets of size 3 in Y5.

there are at most (
The number of independent sets of size 3 in GG that have two vertices in Y; and

one in Y5 is at most

L (O R ) L

The first term above counts those independent sets in which neither endpoint of the
k-path is among the two vertices from Y7, and uses Lemma |3.3.1L The second term
upper bounds the number of independent sets in which at least one endpoint of the
k-path is among the two vertices from Y;, and again uses Lemma m (Note that
when k = 2 the application of Lemma [3.3.1] is not valid, since when we remove the

endvertices we are dealing with a path of length 0, outside the range of validity of
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the lemma; however, the bound in (3.3)) is valid for k& = 2 since it equals 1 in this
case.) Finally, the number of independent sets of size 3 in G that have one vertex in

Y; and two in Y5 is at most

(=2 (("5") - 1z01)) +Z (("7571) B0+ o).

The first term here counts the number of independent sets in which the one vertex
from Y; is not an endvertex, the second factor being simply the number of non-edges
in G[Y3]. The second term counts those with the vertex from Y; being the neighbor

of v;, the second factor being the number of non-edges in G[Ya] — v;.

n—2

5 ), simplifies to

The sum of all of these bounds, when subtracted from (
—(k—=Dn+k+k—-3+EkEY)| — dy,(v1) — dy, (v2), (3.4)

a quantity which we wish to show is strictly positive.

Suppose first that Y; can be chosen so that vy # wvy. Recall that in this case
V1 % Vg, 80 dy, (V1) + dy, (v2) < |E(Ys)|. Combining this with |E(Y2)| > n — k we get
that is at most 2k — 3, which is indeed strictly positive for k > 2.

If v; = vy = v, then we first note that

B0) = 2 3 ) = D2 k)

wEYs

(since G[Y3] has minimum degree 2). Inserting into (3.4} we find that (3.4)) is at most

n—3+ (g - 2) dy, (v). (3.5)

This is clearly strictly positive for £ > 4, and for k = 3 strict positivity follows from

dy,(v) < 2(n — 3), which is true since in fact dy,(v) < n — 3 in this case.
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If £ = 2, then is strictly positive unless dy, = n — 3 (the largest possible
value it can take in this case). There is just one critical graph G with the property
that for all possible choices of Y] satisfying the conclusions of Lemma (and the
subsequent remark) we have |Yi| = 2, v; = vo = v and dy,(v) = n — 3; this is the
windmill graph (see Figure consisting of (n — 1)/2 triangles with a single vertex
in common to all the triangles, and otherwise no overlap between the vertex sets
(note that the degree condition on v forces G to be connected). A direct count gives

(n—1)(n —3)(n—5)/6 < (",?) independent sets of size 3 in this particular graph.

Figure 3.2. The windmill graph.

This completes the proof that i,(G) < i4(Ks,—2) for all t > 3 and G € G(n,2).
We now turn to considering the cases where equality holds in the range n > 5 and
3<t<n-—2 Fort=3andn =25, by inspection we see that we have equality
iff G = Ky3 or Ky 3 (obtained from K33 by adding an edge inside the partite set of
size 2). For larger n, we prove by induction that equality can be achieved only for
these two graphs. If a graph G is not edge-critical, we delete edges until we obtain

a graph G’ which is edge-critical, using Lemma to get i,(G) < iy(G'). If G’ is
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critical, then the discussion in this section shows that we cannot achieve equality. If
G’ is not vertex-critical, Lemma |3.2.3] and our induction hypothesis shows that we
only achieve equality for G’ if there is v € V(G') with G' —v = Ky, 3 or Kj,, 3,
G' — v — N(v) empty, and d(v) = 2. First, notice that G' —v = K3, 3 implies
that G’ is not edge-critical, so equality can only occur when G' — v = Ky,_3. If
G' — v = Ky,_3, the second and third conditions tell us that N(v) is exactly the
partite set of size 2 in K5 ,,_3, that is, that G’ = Ky ,,_». From here it is evident that
equality can only occur for G'= Ky, o or Kj,, .

Now for each fixed n > 5, we conclude from Lemma that for 3<t<n-—2
we cannot have equality unless G' = K, 5 or K, ,; and since the equality is trivial

for these two cases, the proof is complete.

3.4 Proof of Theorem part |3| (6 > 3)

Throughout this section we set h = |Vs] and ¢ = |V_s|; note that h + ¢ = n.
We begin this section with the proof of Theorem part [3} we then show how the
method used may be improved to obtain a stronger result within the class of critical

graphs (Lemma below), a result which will play a role in the proof of Theorem
B3.1.4] part[2] (6 = 3) that will be given in Section

Recall that we are trying to show that for 6 > 3, ¢ > 25+ 1 and G € G(n,?), we
have i;(G) < ix(Ksn—s), and that for n > 30+ 1 and 20 + 1 < t < n — 0 there is
equality iff G is obtained from Kj,_s by adding some edges inside the partite set of
size 0. As with Theorem part (1| we begin with the inequality and discuss cases
of equality at the end.

By Corollary it is enough to consider ¢t = 20 + 1. We prove P(n,d,25+ 1) by
induction on n. For n < 3§ + 1 the result is trivial, since in this range all G € G(n, d)
have i;(G) = 0. It is also trivial for n = 30 + 1, since the only graphs G in G(n,0)

with 7,(G) > 0 in this case are those that are obtained from Kj,_s by the addition of
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some edges inside the partite set of size 9, and all such G have i,(G) = 1 = i,(K5,,_5).
So from now on we assume n > 39 + 2 and that P(m,d,2d + 1) is true for all m < n,

and we seek to establish P(n,d,2d + 1).

By Lemmas [3.2.3 and |3.2.4] we may restrict attention to G which are critical (for

minimum degree §). To allow the induction to proceed, we need to show that the
number of ordered independent sets of size 26 + 1 in G is at most (n — §)2+L,
We partition ordered independent sets according to whether the first vertex is in

Vis or in V_s. In the first case (first vertex in Vi) there are at most

hin—(0+2)n—(+3)--(n—35+1)) = (n(n — (6 + 2))E)

< —(n—o)2H (3.6)

S|I==3l=

ordered independent sets of size 26 + 1, since once the first vertex has been chosen
there are at most n — (J + 2) choices for the second vertex, then at most n — (6 4 3)
choices for the third, and so on.

In the second case (first vertex in V_s) there are at most

Un— @ +1)n—(6+2) - (n—20)

ways to choose the first § + 1 vertices in the ordered independent set. The key
observation now is that since G is vertex-critical there can be at most § — 1 vertices
distinct from v with the same neighborhood as v, where v is the first vertex of the
ordered independent set. It follows that one of choices 2 through 6 has a neighbor
w outside of N(v). Since w cannot be included in the independent set, there are at

most

n—(204+2)(n—(204+3))---(n— (36 +1))
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choices for the final ¢ vertices. Combining these bounds, there are at most

‘ (n(n—(5+1))%“) 4 9541

n n—(25+1) <E(n_5)

ordered independent sets of size 20 + 1 that begin with a vertex from V_s. Combining

(n76)26+1
[CEESHINE

with (3.6) we get iss5:1(G) < as required.

This completes the proof that i,(G) < i;(Ks,_s) for allt > 25+1 and G € G(n, §).
We now turn to considering the cases where equality holds in the range n > 3§ + 1
and 20 +1 <t <n—9¢. Fort =20+ 1 and n = 30 + 1, we clearly have equality
iff G is obtained from Kj2541 by adding some edges inside the partite set of size 9.
For larger n, we prove by induction that equality can be achieved only for a graph of
this form. If a graph G is not edge-critical, we delete edges until we obtain a graph
G’ which is edge-critical, using Lemma to get i:(G) < it (G'). If G’ is critical,
then the discussion in this section shows that we cannot achieve equality. If G’ is not
vertex-critical, Lemma|3.2.3|and our induction hypothesis shows that we only achieve
equality for G' if there is v € V(G’) with G’ — v obtained from Kj,_s-1 by adding
some edges inside the partite set of size §, G' —v — N(v) empty, and d(v) = §. First,
notice that the cases where G' —v # Kj,_s5_1 imply that G’ is not edge-critical, so in
fact equality can only occur when G’ —v = Kj,,—5-1. Since d(v) = 0 the neighborhood
of v cannot include all of the partite set of size n — 1 —4¢. If it fails to include a vertex
of the partite set of size J, there must be an edge in G —v — N(v); so in fact, N(v) is
exactly the partite set of size § and G’ = Kj,,_s. From here it is evident that equality
can only occur for G obtained from Kj,_s by adding some edges inside the partite
set of size 9.

Now for each fixed n > 36 4+ 1, we conclude from Lemma that for 20 +1 <
t <n — 0 we cannot have equality unless G is obtained from Kj,_s by adding some

edges inside the partite set of size J; and since the equality is trivial in these cases,
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the proof is complete.

The ideas introduced here to bound the number of ordered independent sets in a
critical graph can be modified to give a result that covers a slightly larger range of ¢,

at the expense of requiring n to be a little larger. Specifically we have the following.

Lemma 3.4.1. For all 6 > 3,t > 6+ 1, n > 3.20 and vertex-critical G € G(n, ),
we have i, (G) < i(Ksp—s). For 6 = 3 and t = 4 we get the same conclusion for

vertex-critical G € G(n,3) with n > 8.

Remark. The constant 3.2 has not been optimized here, but rather chosen for conve-

nience.

Proof. By Lemma [3.2.1] it is enough to consider ¢t = § + 1. The argument breaks
into two cases, depending on whether G has at most § — 2 vertices with degree larger
than m (a parameter to be specified later), or at least 6 — 1. The intuition is that in
the former case, after an initial vertex v has been chosen for an ordered independent
set, many choices for the second vertex should have at least two neighbors outside of
N(v), which reduces subsequent options, whereas in the latter case, an initial choice
of one of the at least 6 — 1 vertices with large degree should lead to few ordered
independent sets.

First suppose that G has at most § — 2 vertices with degree larger than m. Just
as in , a simple upper bound on the number of ordered independent sets of size
t whose first vertex is in Vis is

h h 541
- (nn—(0+2)n—00+3) - (n—(2+1))) < ﬁ(n — )=, (3.7)
There are ¢ choices for the first vertex v of an ordered independent set that begins

with a vertex from V_s. For each such v, we consider the number of extensions to an
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ordered independent set of size § + 1. This is at most

z(n—(0+2) =L +y(n— (6 +3)2L+ 2(n — (6 +4))2=L (3.8)

where x is the number of vertices in V(G) \ ({v} U N(v)) that have no neighbors
outside N(v), y is the number with one neighbor outside N(v), and z is the number
with at least 2 neighbors outside N(v). Note that z +y+ 2z =n — 0 — 1, and that by
vertex-criticality z < § — 1.

Let u; and us be the two lowest degree neighbors of v. By vertex-criticality and
our assumption on the number of vertices with degree greater than m, the sum of
the degrees of u; and us is at most 6 +m. Each vertex counted by vy is adjacent to
either u; or us, so counting edges out of u; and us there are at most m + 6 — 2x — 2
such vertices.

For fixed x we obtain an upper bound on by taking y as large as possible,
so we should take y = m+0d—22x—2 and 2z = n—m — 20 +x+ 1. With these choices
of y and z, a little calculus shows us that we obtain an upper bound by taking x as
large as possible, that is, z = § — 1. This leads to an upper bound on the number of

ordered independent sets of size t whose first vertex is in V_s of

(6 —1)(n — (6 +2))=1+
Cf (m—0d)(n—(6+3))=1+
(n—m—08)(n— (§+4))°=L

Combining with (3.7)) we see that are done (for the case G has at most § — 2 vertices

with degree larger than m) as long as we can show that the expression above is strictly
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less than £(n — 6)2*L/n, or equivalently that

0—=1)(n—(04+2))(n—(5+3)+
nl (m—0)(n—(0+3))(n—(20+1))+ < (n—0)%. (3.9)
(n—m—206)(n—(20+1))(n— (20 +2))

We will return to this presently; but first we consider the case where G has at
least 0 — 1 vertices with degree larger than m. An ordered independent set of size
0 + 1 in this case either begins with one of § — 1 vertices of largest degree, in which
case there are strictly fewer than (n — m — 1)% extensions, or it begins with one of
the remaining n — § + 1 vertices. For each such vertex v in this second case, the
second vertex chosen is either one of the & = k(v) < 0 — 1 vertices that have the same
neighborhood as v, in which case there are at most (n — (§ + 2))2=% extensions, or it
is one of the n —d(v) — 1 — k vertices that have a neighbor that is not a neighbor of v,
in which case there are at most (n — (§ + 3))°=L extensions. We get an upper bound
on the total number of extensions in this second case (starting with a vertex not
among the 6 — 1 of largest degree) by taking k as large as possible and d(v) as small
as possible; this leads to a strict upper bound on the number of ordered independent

sets of size 0 + 1 in the case G has at least  — 1 vertices with degree larger than m of

(6 —1)(n— (6 +2)=+
(n —28)(n — (6 + 3))=L

(6—1D)(n—m—1°24(n—-04+1)

We wish to show that this is at most (n—3)2*L. Aslong as m > 6 we have n—m—i <

n — 6 — i, and so what we want is implied by

(0—1)(n—m-—1)(n—m—2)+
(n—6+1)@0—1D(n—(5+2)+ | <—-06>~ (3.10)
(n—04+1)(n—20)(n— (20 +1))
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Setting m = n/2, we find that for 6 > 3, both and hold for all
n > 3.20. Indeed, in both cases at n = 3.26 the right-hand side minus the left-hand
side is a polynomial in § (a quartic in the first case and a cubic in the second) that is
easily seen to be positive for all § > 3; and in both cases we can check that for each
fixed 6 > 3, when viewed as a function of n the right-hand side minus the left-hand
side has positive derivative for all n > 3.26. This completes the proof of the first
statement. It is an easy check that both and hold for all n > 8 in the

case 0 = 3, completing the proof of the lemma. n

3.5 Proof of Theorem part [2| (6 = 3)

Recall that we are trying to show that for § = 3, ¢ > 3 and G € G(n,3), we have
it(G) < 1;(K3n-3), and that for n > 6 and ¢ = 3 we have equality iff G = K3,,_3,
while for n > 7 and 4 <t < n — 3 we have equality iff G is obtained from Kj3,,_3 by
adding some edges inside the partite set of size 3.

For t = 4 and n > 7 we prove the result (including the characterization of
uniqueness) by induction on n, with the base case n = 7 trivial. For n > 8, Lemma
gives strict inequality for all vertex-critical (G, so we may assume that we are
working with a G which is non-vertex-critical. Lemma|3.2.3|now gives the inequality
i4(G) < i4(K3,-3), and the characterization of cases of inequality goes through
exactly as it did for Theorem m parts [1| and . The result for larger ¢ (including
the characterization of uniqueness) now follows from Lemma [3.2.1]

For t = 3, we also argue by induction on n, with the base case n = 6 trivial. For
n > 7, if G is not vertex-critical then the inequality i3(G) < i3(K3,,—3) follows from
Lemma , and the fact that there is equality in this case only for G = Kj3,_3
follows exactly as it did in the proofs of Theorem parts [I] and 3] So we may
assume that G is vertex-critical. We will also assume that G is edge-critical (this

assumption is justified because in what follows we will show i3(G) < i3(K3,,—3), and
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restoring the edges removed to achieve edge-criticality maintains the strictness of the
inequality). Our study of critical 3-regular graphs will be based on a case analysis
that adds ever more structure to the G under consideration. A useful preliminary

observation is the following.

Lemma 3.5.1. Fix 6 = 3. If a critical graph G has a vertex w of degree n — 3 or

greater, then i3(G) < i3(K3n-3).

Proof. If d(w) > n — 3 then there are no independent sets of size 3 containing w,
and by Theorem part [1] the number of independent sets of size 3 in G — w (a
graph of minimum degree 2) is at most (";°) < i3(K3,-3). If d(w) =n — 3 and the
two non-neighbors of w are adjacent, then we get the same bound. If they are not
adjacent (so there is one independent set of size 3 containing w) and G' — w is not
extremal among minimum degree 2 graphs for the count of independent sets of size
3, then we also get the same bound, since now i3(G — w) < (";3) -1. IfG—-w

is extremal it is either Ky, 3 or K§7 and in either case w must be adjacent to

n—3»
everything in the partite set of size n — 3 (to ensure that G has minimum degree 3),
and then, since the non-neighbors of w are non-adjacent, it must be that G = K3,,_3,

a contradiction since we are assuming that G is critical. O]

3.5.1 Regular G

If G is 3-regular then we have i3(G) < ("53) + 1. We see this by considering
ordered independent sets of size 3. Given an initial vertex v, we extend to an ordered
independent set of size 3 by adding ordered non-edges from V'\ (N (v)U{v}). Since G is
3-regular there are 3n ordered edges in total, with at most 18 of them adjacent either
to v or to something in N(v). This means that the number of ordered independent

sets of size 3 in G is at most

n((n—4)(n—5)—Bn—-18)) < (n—3)(n—4)(n—5)+6
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with the inequality valid as long as n > 7. So from here on we may assume that GG

is not 3-regular, or equivalently that Vi3 # ().

Remark. The argument above generalizes to show that d-regular graphs have at most

("g(s) + (g) independent sets of size 3, with equality only possible when n = 24.

Let v € V(G) have a neighbor in V5. By criticality d(v) = 3. Let wy, ws, and ws
be the neighbors of v, listed in decreasing order of degree, so d(w;) = d, d(ws) = x
and d(ws3) = 3 satisfy 3 <z < d < n—4 (the last inequality by Lemma|3.5.1]) as well

as d > 3 (see Figure 3.3)).

wy with degree d > 3
v wy with degree 3 <z < d

w3 with degree 3

Figure 3.3. The generic situation from the end of Section [3.5.1] on.

3.5.2 No edge between w3 and wo

We now precede by a case analysis that depends on the value of z as well as on
the set of edges present among the w;’s. The first case we consider is w3 ~ ws. In
this case we give upper bounds on the number of independent sets of size 3 which
contain v and the number which do not. There are (") — |E(Y')| independent sets

of size 3 which include v, where Y = V' \ (N(v) U {v}). We lower bound |E(Y')| by

lower bounding the sum of the degrees in Y and then subtracting off the number of
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edges from Y to {v} U N(v). This gives

E(Y)| > 3(n—4)—2—(2d—1)—(:c—1) :3(71—4)2—1’—61. (3.11)

To bound the number of independent sets of size 3 which don’t include v, we begin
by forming G’ from G by deleting v and (to restore minimum degree 3) adding an
edge between w3 and wo (we will later account for independent sets that contain both
wy and ws). The number of independent sets of size 3 in G’ is, by induction, at most
i3(K3,-4). But in fact, we may assume that the count is strictly smaller than this.
To see this, note that if we get exactly i3(K3,,_4) then by induction G' = K3,,_4. For
n = 7 this forces G to have a vertex of degree 4 and so i3(G) < i3(K34) by Lemma
3.5.1} For n > 7, w3 must be in the partite set of size n — 4 in G’ (to have degree 3)
so since wy ~ w3 (in G'), we must be in the partite set of size 3. To avoid creating a
vertex of degree n — 3 in (G, w; must be in the partite set of size n — 4. But then all
other vertices in the partite set of size n — 4 only have neighbors of degree n — 4 (in
(), contradicting criticality.

So we may now assume that the number of independent sets of size 3 in G which

do not include v is at most

(n_4) +(n—xz—2), (3.12)

the extra n — x — 2 being an upper bound on the number of independent sets of size

3 that include both ws and ws. Combining (3.11]) and (3.12)) we find that in this case

)—i—(n—x—?). (3.13)

As long as d < n + x — 6 this is strictly smaller that i3(K3,-3). Since x > 3 and

d < n — 3, this completes the case w3 = ws.
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3.5.3 Edge between w3 and ws, no edge between w3 and wy, degree of w, large

The next case we consider is w3 ~ ws, w3y ~ wi, and x > 3. In this case we
can run an almost identical the argument to that of Section [3.5.2] this time adding
the edge from w; to w3 when counting the number of independent sets of size 3 that
don’t include v. We add 1 to the right-hand side of (to account for the fact
that there is now only one edge from w3 to Y instead of 2, and only z — 2 from w-
to Y instead of x — 1) and replace with (";*) +1+ (n —d —2) (the 1 since
in this case we do not need strict inequality in the induction step). Upper bounding

—d in this latter expression by —z, we get the same inequality as (3.13)).

3.5.4 Edge between w3 and ws, edge between w3 and w;, degree of wy large

Next we consider the case ws ~ wq, w3 ~ wy, and x > 3. Here we must have
wy ~ wsy, since otherwise G would not be edge-critical. The situation is illustrated

in Figure . To bound i3(G), we consider v and ws. Arguing as in Section m

W3 Wao

Figure 3.4. The situation in Section [3.5.4]
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(around (3.11))), the number of independent sets including one of v, ws is at most

2((71;4) _3(n—4)—(d2—2)—(:c—2)>

To obtain an upper bound on the number of independent sets including neither v nor

ws, we delete both vertices, add an edge from w; to wy (to restore minimum degree

3) and use induction to get a bound of

<n;5>+1—|—(n—d—2)

(where the n — d — 2 bounds the number of independent sets containing both w; and

wy). Since © < n — 2 the sum of these two bound is strictly smaller than i5(Ks,,_3).

3.5.5 None of the above

If there is no v of degree 3 that puts us into one of the previous cases, then every
v of degree 3 that has a neighbor w; of degree strictly greater than 3 may be assumed

to have two others of degree 3, wy and w3 say, with vwsws a triangle (see Figure|3.5]).

Figure 3.5. The situation in Section |3.5.5]
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Since every neighbor of a vertex of degree greater than 3 has degree exactly 3 (by
criticality) it follows that for every w; of degree greater than 3, every neighbor of w;
is a vertex of a triangle all of whose vertices have degree 3. We claim that two of
these triangles must be vertex disjoint. Indeed, if w; has two neighbors a and b with
a ~ b then the triangles associated with a and b must be the same, and by considering
degrees we see that the triangle associated with any other neighbor of w; must be
vertex disjoint from it. If a and b are not adjacent and their associated triangles
have no vertex in common, then we are done; but if they have a vertex in common
then (again by considering degrees) they must have two vertices in common, and the
triangle associated with any other neighbor of w; must be vertex disjoint from both.

By suitable relabeling, we may therefore assume that GG has distinct vertices w;
(of degree greater than 3) and x,ys, ys3, v, wy and ws (all of degree 3), with z and v
adjacent to wy, and with xysys and vwyws forming triangles (see Figure . By
considering degrees, we may also assume that the w;’s and 3;’s are ordered so that

w; »~ y; for i =1, 2.

Figure 3.6. The forced structure in Section [3.5.5] before modification.
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From G we create G’ by removing the edges wows and ysy3, and adding the edges
way> and wsys (see Figure B.7). We will argue that i5(G) < i3(G’); but then by
the argument of Section we have i3(G’) < i3(K3,-3), and the proof will be

complete.

Figure 3.7. The forced structure in Section [3.5.5] after modification (i.e. in
G).

Independent sets of size 3 in G partition into I,,,, (those containing both ws
and vy, and so neither of ys, ws), Iy, (containing both ws and ys), and I, the

rest. Independent sets of size 3 in G’ partition into I/, I ., and I' .. We have

w2w3? TY2y3’ rest*

|]rest| - |I;est| (ln fact Irest =T

rest

). We will show i3(G) < i3(G’) by exhibiting an

injection from I,,,, into I, and one from I,,,, into I}

2Y2 w3 Y2ys3”

If it happens that for every independent set {ws, y2,a} in G, the set {wsy, w3, a} is

into I’

also an independent set in G’, then we have a simple injection from I,,,, s

There is only one way it can happen that {ws, y2,a’} is an independent set in G but
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{ws, w3, a’} is not one in G’; this is when d’ is the neighbor of w3 that is not v or ws.
If {wy,ys,a'} is indeed an independent set in G in this case, then letting &' be the
neighbor of y, that is not x or ys3, we find that {ws, ws, b’} is an independent set in
G', but {ws,y2,b'} is not one in G. So in this case we get an injection from I,,,,, into
I, by sending {wa,y, a} to {wy, w3, a} for all a # o, and sending {ws, ¥, a’} to

{wa,ws,b'}. The injection from Iy, into I, is almost identical and we omit the

detalils.
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CHAPTER 4

EXTREMAL H-COLORINGS

4.1 Introduction and statement of results

Fix a graph H with no isolated vertices (we will assume this for all H under
consideration in this chapter). A natural extremal question to ask is the following:
for a given family of graphs G, which graphs G in G maximize hom(G, H)?

If we assume that all graphs in G have n vertices, then there are several cases
where this question has a trivial answer. First, if H = Kéo"p, the fully looped
complete graph on ¢ vertices, then every map f : V(G) — V(H) is an H-coloring
(and so hom(G, K é"Op) = ¢"). Second, if the empty graph K, is contained in G, then
again every map f : V(K,) — V(H) is an H-coloring (i.e. hom(K,, H) = |[V(H)|").
Motivated by this second trivial case, it is interesting to consider families G for which
each G € G has many edges.

For the family of n-vertex m-edge graphs, this question was first posed for H = K,
around 1986, independently, by Linial and Wilf. Lazebnik provided an answer for
q = 2 [46], but for general ¢ there is still not a complete answer. However, much
progress has been made (see [49] and the references therein). Recently, Cutler and
Radcliffe answered this question for H = H;,q, H = Hwr, and another class of H
[15, [16]. Many of the results in this family generally require a different set of extremal
graphs for each choice of H.

Another interesting family to consider is the family of n-vertex d-regular graphs.

Here, Kahn [39] used entropy methods to show that every n-vertex d-regular bipartite
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graph G satisfies hom(G, Hing) < hom(K, 4, Hina)?¢. Notice that when 2d|n this
bound is achieved by 75 K44, the disjoint union of n/2d copies of K44. Galvin and
Tetali [32] generalized this entropy argument, showing that for any H and any n-

vertex d-regular bipartite G,

hom(G, H) < hom(K g4, H)?. (4.1)

Kahn conjectured that should hold for H = Hj,q for all (not necessarily
bipartite) G, and Zhao [67] resolved this conjecture affirmatively, deducing the general
result from the bipartite case. Interestingly, does not hold for general H when
biparticity is dropped, as there are examples of n, d, and H for which 5 Kq41, the
disjoint union of n/(d+ 1) copies of the complete graph K41, maximizes the number
of H-colorings of graphs in this family. (For example, take H to be the disjoint union
of two looped vertices; here log,(hom(G, H)) equals the number of components of

G.) Galvin proposes the following conjecture [2§].

Conjecture 4.1.1 (Galvin, 2013 [28]). Let G be an n-vertex d-regular graph. Then,

for any H,

n

hom (G, H) < max{hom(Ky 1, H)#1, hom (K4, H)2}.

When 2d(d + 1)|n, this bound is achieved by either 35 Kgq or 77 Kar1. Evidence
for this conjecture is given by Zhao [67, [68], who provided a large class of H for
which hom(G, H) < hom(Kg4, H)2i. Galvin [28, 29] provides further results for
various H (including triples (n,d, H) for which hom(G, H) < hom(Ky1, H)#1) and
asymptotic evidence for the conjecture.

It is clear that Conjecture is true when d = 1, since the graph consisting of
n/2 disjoint copies of an edge is the only 1-regular graph on n vertices. We prove the

conjecture for d = 2 and also characterize the cases of equality.
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Theorem 4.1.2. Let G be an n-vertex 2-reqular graph. Then, for any H,
hom(G, H) < max{hom(Cs, H)%, hom(Cy, H)1}.

If H # KCZIOOP, the only graphs achieving equality are G = 5Cs (when hom(Cs, H)s >
hom(Cy, H)% ), G = 2Cy (when hom(Cs, H)s < hom(Cy, H)1 ), or the disjoint union
of copies of Cs and copies of Cy (when hom(Cs, H)5 = hom(Cy, H)7).

It is possible for each of the equality conditions in Theorem to occur. The
first two sitations arise when H is a disjoint union of two looped vertices and H = Ko,
respectively. For the third situation, we utilize that if G' is connected and H is the
disjoint union of H; and H,, then hom(G, H) = hom(G, Hy) + hom(G, H). Letting
H be the disjoint union of 8 copies of a single looped vertex and and 4 copies of K,
gives hom(Cs, H)3 = hom(Cy, H)1 = 2. We prove Theorem in Section by

analyzing H-colorings of cycles via the trace of the adjacency matrix for H.

Another natural and related family to study is G(n,d), the set of all n-vertex
graphs with minimum degree § (see e.g. Chapter . Our question here becomes: for
a given H, which G € G(n,d) maximizes hom(G, H)? Since removing edges increases
the number of H-colorings, it is tempting to believe that the answer to this question
will be a graph that is d-regular (or close to d-regular). This in fact is not the case,

even for H = Hj,q. The following result appears in [27].

Theorem 4.1.3 (Galvin, 2011 [27]). For 6 > 1, n > 8%, and G € G(n,d), we have
hom(G, Hing) < hom(Ks -5, Hina), with equality only for G = Ksp_s.

With Conjecture and the results of Theorem in mind, the following

conjecture is natural.

Conjecture 4.1.4. Fiz § > 1 and H. There exists a constant c(d, H) (depending on
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0 and H) such that for n > c¢(6, H) and G € G(n,0),
hom(G, H) < max{hom(Kj,1, H)ﬁ7 hom (K s, H)% ' hom(Ks,,_s, H)}.

This conjecture stands in marked contrast to the situation for the family of n-
vertex m-edge graphs, where each choice of H seems to create a different set of
extremal graphs. Here, we conjecture that for any H, one of exactly three situations
can occur. For 2(0 + 1)|n and n large, this represents the best possible conjecture,
since for H consisting of a disjoint union of two looped vertices, H = K, and
H = Hi,q, the number of H-colorings of a graph G € G(n,d) is maximized by
G = 55 K511, G = 35 K55, and G = K;,,_s, respectively.

The purpose of this chapter is to make progress toward Conjecture [£.1.4, We first
fully resolve the conjecture for § = 1 and § = 2, and characterize the graphs that
achieve equality. Before we formally state these theorems, we highlight the degree

conventions and notations that we will follow for the remainder of the chapter.

Convention. For a vertex v, let d(v) denote the degree of v, where loops count once
toward the degree. While ¢ will always refer to the minimum degree of a graph G, in
this chapter A will always denote the maximum degree of a graph H (unless explicity

stated otherwise).

Theorem 4.1.5. (6 =1). Fix H,n>2 and G € G(n, 1).
1. Suppose that H # KX satisfies > ovevin d(v) > A% Then hom(G, H) <
hom(Ks, H)2, with equality only for G = K.

2. Suppose that H satisfies } ey gy d(v) < A? and let ng = no(H) be the smallest

2

integer in {3,4,...} satisfying 3 ey gy d(v) < <ZvGV(H) d<v)n0_l> "

1. If 2 < n < ng, then hom(G, H) < hom(K>, H)2, with equality only for G =
2

5K [unlessn =no—1 and 3, vy d(v) = (Zer(H) d(v)”0_2> "1 in which
case G = Ki 1 also achieves equality].
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2. If n > ng, then hom(G,H) < hom(K;,_1,H), with equality only for G =
Kl,n—l-

Theorem 4.1.6. (§ =2). Fiz H.

1. Suppose that H # K" satisfies max{hom(Cs, H)3 hom(Cy, H)i} > A. Then
for allm >3 and G € G(n,2), hom(G, H) < max{hom(C3, H)3,hom(Cy, H)%},
with equality only for G = %Cj (when hom(Cs, H)s > hom(Cy, H)%), G = 2C}y
(when hom(Cs, H)5 < hom(Cy, H)7 ), or the disjoint union of copies of Cs and
copies of Cy (when hom(Cs, H)5 = hom(Cy, H)7 ).

2. Suppose that H satisfies max{hom(Cs, H)3 hom(Cy, H)i} < A. Then there
exists a constant cy such that for n > cy and G € G(n,2), hom(G,H) <
hom(Ks o, H), with equality only for G = Ko p,_o.

Theorems [4.1.5] and [£.1.6] are easily seen to resolve Conjecture when § =1

and 0 = 2, respectively. Notice that if G’ is obtained from G by deleting some
edges from G, then hom(G, H) < hom(G’, H). Because of this, their proofs focus
on G which are edge-critical for § (recall that we will be using the notations and
definitions from Section in this chapter).

The edge-critical graphs in G(n, 1) are disjoint unions of stars, and the proof of
Theorem [4.1.5] critically uses this fact. Theorem [4.1.6| relies on a nice structural
decomposition of edge-critical graphs in G(n,2) (in particular Corollary and
also uses Theorem m The global structure of edge-critical graphs in G(n,d) for
d > 3 is not very well understood (note that Section exploits the local structure

of critical graphs when § = 3).

We also make some progress in the general ¢ case of Conjecture by providing

a large class of H for which K;,_s maximizes the number of H-colorings.

Theorem 4.1.7. Fixz 0 and H. Suppose that H satisfies

> dv) < A% (4.2)

veV(H)
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Then there exists a constant cy such that for all n > (cy)® and G € G(n,d),
hom(G, H) < hom(K5s,,—s, H), with equality only for G = Ks,,—s.
If H has the property that all vertices of degree A share the same A neighbors,

then the same result holds for all n > cd?.

We prove Theorem in Section by partitioning G(n,d) based on the size
of a maximal matching. The following corollary to Theorem [4.1.7| warrants special

attention, and is immediate.

Corollary 4.1.8. Suppose that H # KZAOOP has a looped dominating vertex, or that H
satisfies and H has a unique vertex of degree /. Then there exists a constant
cg such that for all n > cyd? and G € G(n,d), hom(G, H) < hom(Kjs,, s, H), with

equality only for G = Ks,_s.

The graphs H = H;,q and H = Hwg satisfy the conditions of Corollary
so in particular we provide an alternate proof of Galvin’s result for H = Hi,q [27].
Another important graph H which satisfies the conditions of Corollary is the k-
state hard-core constraint graph H (k) (k > 1), the graph with vertex set {0,1, ..., k}
and edge i ~p k) j if i 4+ j < k (note that H(1) = Hinq). This graph naturally occurs
in the study of multicast communications networks, and has been considered in e.g.
31, 57).

Notice that the condition on H in Theorem [4.1.7] is necessary but not sufficient
for hom(G, H) < hom(Ks,,_s, H) for all G € G(n,d). Indeed, if H is a path on 3
vertices with a loop on one endpoint of the path, then ZUEV(H) d(v) = 5 while A = 2.
However, for large enough n and G € G(n,2), hom(G, H) < hom(Ks,_», H), as can
be seen by computing hom(Cs, H), hom(Cy, H), and applying Theorem [4.1.6]

It is also interesting to consider a maximum degree condition in addition to a
minimal degree condition (see e.g. [1,133,39]). Let G(n,d, D) denote the set of graphs

on n vertices with minimum degree § and maximum degree at most D. Which graphs
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G € G(n,0, D) maximize hom(G, H)? For a fixed ¢, this question is interesting for
the H with the property that hom(G, H) < hom(Kj,_s5, H) for all G € G(n,?d), as
Ks,-5 € G(n,0,D) only when D > n —§.

For § =1 and any D > 1, we provide an answer.

Theorem 4.1.9. Fiz H and D > 1. For any G € G(n,1, D),
hom (G, H) < max{hom(Kj, H)? hom(K, p, H)D+},

with the cases of equality as in Theorem [{.1.5

The proof of Theorem [4.1.9|is given in Section 4.3 and again utilizes the fact that
edge-critical graphs for § = 1 are disjoint unions of stars.

Our results generalize naturally to weighted H-colorings, where for weight set A
each f € Hom(G, H) is given weight w(f) (as defined in Section[2.1)). Although the
proofs of the weighted versions come with almost no extra effort, for the clarity of

presentation we will not do this here (the necessary changes are described in [19]).

4.2  Proof of Theorem [4.1.7]

Suppose that we have a graph H satisfying

> dv) < A% (4.3)

veV(H)

and let G be a graph with minimum degree §. Let M be the edge set of a matching
of maximum size in G' and [ the set of unmatched vertices.

We first derive some structural properties of our graph G based on M. Since M is
maximal, [ forms an independent set. Furthermore, suppose that z; and x5 in V(G)
are matched in M. If z; has at least two edges into I, then x5 cannot be adjacent to

any vertex in /, as this would create an augmenting path (a path which starts and
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ends at distinct unmatched vertices and alternates edges in and out of M) of length

3 and therefore a matching of larger size. In summary:

At most one vertex in an edge of the matching M can have degree at
least 2 into I, and if one has degree at least 2 into I then the other (4.4)

has degree 0 into 1.

For each edge in M, put the endpoint with the largest degree into I in a set
J C V(G), and put the other endpoint in a set K C V(G). (If the degrees are equal,
make an arbitrary choice.) A schematic picture of G is shown in Figure ; there

are at most |K| = |M| total edges between I and K.

ﬁiiii O 00O0O0H

Figure 4.1. The relevant structure for G.

Also, if there are more than |M| vertices in I that are adjacent to both endpoints
of some edge in M, then by the pigeonhole principle there are distinct yq,y2 € [
that are adjacent to both endpoints of some fixed edge in M. This would force
both endpoints of an edge in M to have degree at least 2 into I, contradicting .

Therefore we have:

There are at most | M| vertices in I adjacent to both endpoints of (45)

some edge in M.
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In particular, suppose n > 36 — 2. Then if |M| < 6 we have |I| > 0. Since each z € [
has at least 0 neighbors to M, each x € I is adjacent to both endpoints of some edge
in M. Since |I| > ¢ > |M], this contradicts (4.5). Therefore if n > 3§ — 2 we have
|M| > ¢ for all G € G(n,d). We will first analyze the graphs where |M| = 6 and then

the graphs where |M| > 4.

Case 1: Suppose that |[M| = 6 and n > 30, so by at most ¢ vertices in [
are adjacent to both endpoints of some edge in M. Then there is at least one vertex
in I that is adjacent to exactly one endpoint of each edge in M. However, this shows
that no vertex in I can be adjacent to both endpoints of any edge in M, since any
vertex in I adjacent to both vertices of an edge in M would force one endpoint of M
to have degree at least 2 into I and the other endpoint of M to have degree at least
1 into I (contradicting (£.4)). It follows that each vertex in I must be adjacent to
each vertex in J, and so by there are no edges between [ and K.

Now suppose ki, ky € K with ky ~ ky. Then there exist distinct ji, jo € J with
ki ~nr 71 and ko ~p jo. Letting i1 and is denote any two distinct vertices in I (and
recalling that everything in [ is adjacent to everything in J), i1 ~ j1 ~ ki ~ ko ~
Jo ~ 19 is an augmenting path of length 5, which contradicts the maximality of M.
Therefore K is an independent set and so K U [ is an independent set. Since G has
minimum degree ¢, every vertex in K U [ is adjacent to every vertex in .J, and so
G must be the complete bipartite graph Ks,_; with some edges added to the size ¢
partition class.

We now show that adding any edge to the size § partition class in Ks,_s will
strictly decrease the number of H-colorings. Since H cannot contain K IAOOP (by ),
there are two (possibly non-distinct) non-adjacent neighbors of a vertex in H with
degree A. If any edge is added to the size ¢ partition class in Ks,_s5, then it is
impossible for any H-coloring to color the endpoints of that edge with the non-

adjacent vertices in H, but such a coloring is possible in Kj,_s. Since any H-coloring
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of Ks,_s; with an edge added is an H-coloring of Kj,_s, this shows that the number
of H-colorings strictly decreases whenever an edge is added to Ky,
In summary, we have shown that if G satisfies n > 30, |M| < 6, and G # Ks,_s

then hom(G, H) < hom(Ks,,_s, H).

Case 2: Now suppose that |M| =k > é + 1. We will show that for large enough
n we have hom(G, H) < hom(K5,_s, H), which will complete the proof.

Let S(0, H) denote the vectors in V(H)° with the property that the elements
of the vector have A common neighbors, and let s(§, H) = |S(0, H)|. (Note that
S(0,H) # 0, since if v € V(H) with d(v) = A then (v,v,...,v) € S(§,H).) We
obtain a lower bound on hom(Ks,_s, H) by coloring the size § partition class using
an element of S(d, H), and then independently coloring the vertices in the size n — ¢

partition class using the A common neighbors. This gives
hom(Ks,,_s, H) > s(6, H)A"™°.

We will show that for n large and k > § + 1, hom(G, H) < s(8, H)A™ 9.

Our initial coloring scheme will be to color J arbitrarily first, then K, then I,
keeping track of an upper bound on the number of choices we have for the color at
each vertex. If a vertex in J is colored with v € V(H), its neighbor in M has at most
d(v) choices for a color. Since each vertex in I is adjacent to some vertex in J U K,
there are at most A choices for the color of each vertex in I. This gives

k
hom(G,H) < | ) d(v) A"—%:A"< 2

veV(H)

Coevn Av) ) 3

Recalling that H satisfies 1} if k > dlog A/log (ZA—2> = (g6 this upper

vEV(H) d(v)

bound is smaller than A"°. So we may further assume that § + 1 < k < Cyé.
Let I’ C I be the set of vertices in I with neighbors exclusively in J, so by (4.4)
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we have |I'| > n—3k. Since each vertex in I’ has at least ¢ neighbors in J, we imagine
each x € I’ picking a subset of size § from J (from among the (’;) possibilities). By
the pigeonhole principle there is a set J; C J with |J;| = § and at least (n — 3k)/ (’g)

vertices in I” adjacent to each vertex in J;. See Figure [4.2]

ﬁii%@oo}l

Figure 4.2. Vertices in I’ adjacent to every vertex in Jj.

We'll partition the H-colorings of G based on whether the colors on J; form a
vector in S(0, H) or not. If they do, then we next color J \ Ji, then K, and then I,

giving at most
k—6

s(6,H)- [ Y d(v) LAY A2

veV (H)

H-colorings of G of this type.
If the colors on J; do not form a vector in S(6, H), then we have at least (n —
3k)/ (lg) vertices in I (namely those in /") that have at most A — 1 choices for their
color (here we're using that all edges are present between I’ and J;). Utilizing only

this restriction, coloring J \ Ji, then K, then I gives at most

k

> dw | ar (5500

veV (H)
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H-colorings of GG of this type. Therefore, using k¥ < Cyd and (‘;) < (%)b, we have

k—4
hom(G, H) < s(6,H)-| Y d(v) A2t
veV(H)
k n—3k
| 3 dw) | A (_A A—l) ®)
veV(H)

k=5
d(v

< s(6,H)- (%) AP0

n—3Cg$

k
ZUEV(H)d(U) o A—=1Y\ @cm?
+<T A (T)

so that

k—0
hom(G, H) < s(6, H)A™™° (M) (1+ (5, H))

where

g n—3Cgd
T ((5 H) = 1 ZvGV(H) d(U) A —1)\ cy)?
N (6 ) A X .

For § +1 <k < Cyd and n > (cy)°, this is smaller than s(5, H)A"™°.

We sharpen the bounds on n when all of the vertices of H with degree A have
identical neighborhoods. (Notice that this only requires a new argument for the range
d+1<k<Cgd.) Recall from Section [2.2 that V_x(H) denotes the set of degree A
vertices, and so by assumption each vertex in Vo (H) has the same A neighbors (and
also s(0, H) = |[V_a(H)|?). Our strategy is to find a set of § vertices in J with large
degree to I individually instead of finding those with a large common neighborhood
in 1.

Let J = {x1,..., 2} and let a;, denote the number of edges from x; to I for each
t. Without loss of generality, assume a; > ay > --- > a;. Since [ is an independent

set of size n — 2k, there are at least d(n — 2k) edges from I to JU K. Since the degree
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to I of each vertex in K is at most 1 and each a; < n — 2k, we have
k
5(n — 2k) — Z (k— 06+ 1as + (6 — 1)(n — 2k),

since (n — 2k) — k is a lower bound on the number of edges from I to J, as + asi1 +
-+ ap < (k— 0+ 1)as (by the ordering of the a;’s), and as_1 < --- < ay <n — 2k.

This gives
S - 3k
ag > ————.
T k—d+1

Now set Jo = {x1,...,25}. We first upper bound the number of H-colorings of G
that color each vertex in J; with a color from V_x(H). By coloring J \ J; arbitrarily,

then coloring K, then coloring I, we have at most

k=0

k—46
sOH) (D d(v) | AT = 5(5, H)A™ 5(M> (4.6)

veV (H)

H-colorings of G of this type.

The number of H-colorings of G that have some vertex of J, colored from V(H)\

n 3k
—0+1

V_A(H) can be given an upper bound through similar means. Here, at least
vertices in [ will have at most A — 1 choices of a color for each coloring of J U K.

Using k < C'yd, we have at most

k n—3k

A — 1) 5+
n—2k
Z dw) | A (—A >

veV(H
k n—3Cgd
v d(v A — 1\ Tgo—st1
< A <—Z GVXQ ( )> N (—A > (4.7)

H-colorings of G of this type. Combining (4.6 and (4.7)) we find that

ZveV(H) d(v)

hom(G, H) < s(9, H)A"‘5( Az

)k_é(l +1r9(8, H))
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where

n—3Cgd
. (5 H) _ 1 Z’UEV(H) d(v) 9 A — ]_ Cpo—90+1
2% s(6, H) A A

For 6 +1 < k < Cgd and n > cgd?, this is smaller than s(d, H)A”_‘S.

4.3 Proof of Theorems |4.1.5(and [4.1.9) (6 = 1)

We begin with the proof of Theorem [4.1.5| Recall that we will assume that
|V(H)| = ¢, and furthermore we will assume that G is edge-critical, so G has no edge
between two vertices of degree larger than one. (This will give us the inequalities
desired; we will address the uniqueness statements in the theorems separately.) In

particular, G is the disjoint union of stars, so we can write G = U; K ,,_1, where

>-;n; = n. See Figure [£.3]

YooY N

Figure 4.3. A graph G that is the disjoint union of stars; here we may take
ni=2,ny =1 n3=2 and ny = 4.

Since the stars K ,,_; are disjoint and can therefore be colored independently,
we have

g

hom(G, H) = [ [ hom(K1p,—1, H) = | [ hom (K, 1, H)™.
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If = is an integer value in [2,n] that maximizes hom(K; ,_1, H)%, then

hom(G, H) < [[hom(K1 41, H)= =hom (K11, H)?, (4.8)

with equality occurring (when z|n) for 2K, ,_;. Because of this, it will be useful to

1
T

know the integer value(s) of x > 2 that maximize hom(K; ,_1, H)=.

First we derive a formula for hom(K; .1, H )% for each integer x > 2. Notice that
all H-colorings of K ,_; can be obtained by coloring the center of the star with any

v € V(H) and then coloring the leaves (independently) with any neighbor of v, so

hom (K1, H) = Y d(v)™". (4.9)

veV(H)

Now (4.9) holds for each integer x > 2, and so it will be useful to know the

maximum value of

> dw)! (4.10)

veV(H)
over all integers x > 2. In fact, we will study (4.10)) in a slightly more general setting;

for the remainder of this proof we will analyze (4.10])) over all real numbers = > 2.

Recall that we are assuming that H has no isolated vertices, so for all v € V(H)

we have 1 < d(v) < A. Since there exists a w € V(H) with d(w) = A, we have
Z dv)* '] —A as r — 00. (4.11)
veV (H)

To obtain more information, for a fixed real z > 2 let a = a(z, H) € R be such
that

d(v)" " + -+ d(v)" = a”
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Since 1 < d(v) < A for all v € V(H), for any € > 0 we have
d(vl)x—l—l—a 4. +d(vq)m—1+a S AS (d(vl)m—l 4. —f—d(’[)q)w_l) — Asaa;7 (4'12)

with strict inequality if d(v;) < A for some i. Therefore for any € > 0 (4.12)) gives

x+e x

a>A = Zd )rite < Zd : (4.13)

veV(H veV(H

If a = A and d(v;) = A for all i, then (4.12) gives A" = A® so H = K°P. If
a = A and d(v;) < A for some i, then for any ¢ > 0 (4.12)) gives

1
T+e

Z d(v)®~1+e <A=| Y dw | . (4.14)

veV(H veV(H)

Finally, for any € > 0, if a < A then A®a” < A*¢ and so (4.12]) gives

1
x+e

a<A = Z d(v)*~1te <A. (4.15)

veV(H

This already provides a substantial amount of information, fully analyzing the

graphs H where yd(v) = A? (here we focus on x = 2 and so the condition

veV(H
on H means a = a(2, H) > A). Indeed, for H # K;"Op, |D and 1) applied at
xr = 2 imply

o=

Zd <Zd

veV(H veV(H

for any y > 2, which implies hom (K ,_1, H)% < hom(K 4, H)% for any integer z > 2.
For the graphs H satisfying > oy d(v) < A2 we may already obtain a state-

ment for large n (using (4.11) and also (4.15) at = = 2), but with an additional

argument we can obtain a statement for all n. We utilize the following lemma, which
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we will prove momentarily.

1
Lemma 4.3.1. The function (Zvev(H) d(v)z_l) " has at most one local mazimum

or minimum.

If we assume Lemma then (4.11)), (4.13), (4.14), and (4.15)) show that for

H # K" the function (ZveV(H) d(v)‘”*1>z is either decreasing to A on (2,00),

increasing to A on (2,00), or decreasing on (2,z() and increasing to A on (xg, c0)
1

for some zg > 2. See Figure for the possible behaviors of (ZUGV(H) d(v)z—1> 2
So if H # K;°°°, then (4.8) shows that Theorem holds for any edge-critical

G € G(n,1). This implies that the upper bounds given in Theorem hold for any
G € G(n,1).

1

Figure 4.4. The possible behaviors of the function (EUGV(H) d(v)z_l) " for
H # K™,

Finally, we need to argue that for H # K}I"Op, the edge-critical graphs in G(n, 1)

which achieve equality are the only possible graphs in G(n, 1) which achieve equality.
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It suffices to consider the addition of a single edge to one of the graphs achieving
equality and showing that the number of H-colorings decreases in this case.

By considering the neighbors of a vertex v € V(H) with d(v) = A, adding any
edge to a disjoint union of stars strictly lowers the number of H-colorings unless H
contains KIAOOP (a slight modification of the argument given in Case 1 of Section
will work, realizing that we need to consider both edges joining vertices in the same
component and also edges joining vertices in different components). If H does contain
KR and H # KX, then H contains some other component and furthermore H
satisfies part 1 of the theorem. Since § K> is the unique edge-critical graph achieving
equality for this // and H has at least 2 components, adding any edge to 5 K, (which
will necessarily join together two components of §K3) will lower the number of H-

colorings in this case as well. This completes the proof of Theorem [4.1.5

Proof of Lemma [{.3.1: This lemma is a corollary of the following proposition
about LP norms, which is a special case of Lemma 1.11.5 in [63] (or, equivalently,
Lemma 2 in Terence Tao’s blog post 245C, Notes 1: Interpolation of LP spaces).

Recall that we assume H has no isolated vertices.

Proposition 4.3.2. Define a measure p on V(H) by p(v) = ﬁ, and let g : V(H) —

R be given by g(v) = d(v). Then the function defined by % = |gllLeevmy =

1

(ZUEV(H) d(v)xfl) " is log-convex for x € (2,00).

Recall that a log-convex function can has most one local maximum or local mini-
mum. The composition of the reciprocal map and the map given in Proposition
1

is the function defined by x — <ZU€V(H) d(v)””_1> *. Since the reciprocal is strictly

monotone and therefore preserves local extremal values, Lemma follows.

Lastly, we prove Theorem Notice that we can still delete any edge from a
graph G € G(n,d, D) and remain in G(n, §, D) as long the edge deletion does not lower
the minimum degree. Therefore the proof of Theorem also proves Theorem
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1

by restricting the function (Zvev(m d(v)z”) " to values in 2,D+1].

4.4 Proof of Theorem 4.1.2]

Recall that we will assume that that |V (H)| = ¢, and we begin with a few remarks
about the number of H-colorings of a cycle Cy. Let A denote the adjacency matrix
of H. Then for k > 3, hom(Cy, H) = Tr A*; indeed, the diagonal entry (i) in A*
counts the number of H-colorings of the path on k 4 1 vertices Py, that color both
endpoints with color i, and by identifying the endpoints we obtain a coloring of CY
with one fixed vertex having color ¢. Therefore if A, Ao, ..., A\, are the eigenvalues of
A, then

hom(Cy, H) = )\’f+---+)\§. (4.16)

It is possible to obtain results using ideas based on Proposition m (with some
additional observations); we provide an alternate proof. Without loss of generality,
assume that \; > Ay > -+ > A\,. Notice that A; > 0 and A\; > |A,]; this follows from
the Perron-Frobenius theorem (see e.g. [61]), but is also readily seen since otherwise

(4.16]) would imply that hom(Cy, H) < 0 for large odd k.

First we address the inequality, and deal with the cases of equality at the end.

Suppose k > 4 is even and let b = b(k, H) > A1 be such that
AF XS+ A =00
Then

A2 b A2 - A0 S D2 4+ AE) = b2

64



with equality only for b = \q, so
O e D L PV LS (4.17)

which implies that hom(Cy, H)* < hom(Cy, H)1 for even k > 6.
Suppose next that k& > 5 is odd, and so as above we have \¥ 7! 4. ~+)\’;_1 ==
Then
Af e AR A AT e AR <A < (4.18)

1

with equality only for b = Ay, which implies that hom(Cj, H)% < hom(Cy_1, H)*T1.
1
x

Summarizing the above, the function hom(Cy, H)* is non-increasing from every

even k >4 to both k + 1 and k + 2 and so, for k > 5, hom(Cy,, H)* < hom(Cy, H)1.

Therefore for all k£ > 3,
hom(Cy, H)% < max{hom(Cj, H)%, hom(Cy, H)%}.

Now, if G is any 2-regular graph, then G is the disjoint union of cycles C,. So if
hom(Cy, H)i > hom(Cy, H)3,

hom(G, H) = [[hom(Cy,, H) < [[hom(Cy, H)T = hom(Cy, H)¥,

with a similar statement holding if hom(Cjy, H)3 > hom(Cy, H)1.

Finally, we deal with the cases of equality. There is equality in and
only when b = Ay (and so Ay = --- = A, = 0). Recall that A is symmetric and
so has distinct eigenvectors associated to each \;, so in this case A has rank 1 and
therefore all rows of A are scalar multiples of any other row. If any entry Ag;;) = 0,
then some column and row of A is the 0 vector, which corresponds to an isolated

vertex in H. Since we assume H has no isolated vertices, A must be the matrix
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of all I’s and so H = K;°°. Therefore, for H # K;°°® we have hom(Cy, H)& <
max{hom(Cs, H)3, hom(Cy, H)1} whenever k > 5. The statement in the theorem

about equality is now evident.

4.5 Proof of Theorem [1.1.6] (6 = 2)

4.5.1 Preliminary remarks

We first gather together a number of observations that we’ll use in the proof. We
will use both Lemma and Corollary In fact, Lemma [2.2.1] is enough to
prove the case when max{hom(C3, H)3,hom(Cy, H)%} > A" (without a character-
ization of uniqueness); we will delay the details of this until Section . A graph
H which satisfies

max{hom(Cs, H)3 hom(Cy, H)i} < A (4.19)
requires a few more observations.

Lemma 4.5.1. Suppose that the endpoints of P, are mapped to H. Then there are
at most A? extensions to an H-coloring of Py. If H does not contain Klg"p or Kaa

as a component, then there are strictly fewer than A? extensions to an H-coloring of

Py.

Proof. The first statement is obvious, since Py is connected and the maximum degree
of H is A. Suppose there are A? extensions to an H-coloring of P;. Let w; ~p,
we ~p, w3 ~p, wy denote the vertices of P,, and let w; and w, be given colors v; and
vy in H, respectively. We color ws first and then ws, conditioning on whether v, is
looped or not.

Suppose that v; is unlooped in H. Clearly d(v;) = A and each neighbor of v;
also has degree A. Since some of the A? paths from v; map ws to vy, it must be the

case that vy ~p v;. Furthermore, if wy maps to vy (necessarily vy ~p v1), then every
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neighbor of v, is adjacent to vs. Since vo can be any neighbor of vy, this implies that
K a is the component of H containing v, and vy.
A similar analysis for looped v; shows that K ZOOP is the component of H containing

v and vy. O

Corollary 4.5.2. Suppose that H satisfies . If k > 4 and the endpoints of Py
are mapped to H, then there are strictly fewer than AF=2 extensions to an H-coloring

Oka

Proof. Notice that hom(Cy, Ka )3 > A and hom(Cy, KX°P)i = A. Color, beginning
from one endpoint, until there are two uncolored vertices left. Then apply Lemma

E5.1l O

We can strengthen Corollary [4.5.2| when £ is large.

Lemma 4.5.3. Suppose that H satisfies . Then there exists a constant ly
(depending on H ) such that if k > Iy and the endpoints of Py are mapped to H, then

there are strictly fewer than ﬁAk% extensions to an H-coloring of Py.

\%4

Proof. Notice that a path must be mapped to a connected component of H; focus on
that component. If A is the adjacency matrix of that component, then the number
of H-colorings of P, with endpoints colored ¢ and j is A’(“z. ) If A\; denotes the largest
eigenvalue of A, then by the Perron-Frobenius Theorem (see for example [61, Theorem
1.5]) there exists a strictly positive vector x such that A¥x = A\x for all k > 1. By
considering the row of A containing max; A’(“Z. i), We see that there is a constant ¢ such
that max; ; A@j) < ek (we can take ¢ = max; z;/ min; z;, where x = (z;)). Since

A< (0, )\;1)i — hom(Cy, H)7 < A implies A < A, this proves the lemma.
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4.5.2 The proof

We are now ready to prove Theorem[4.1.6, We assume that G is edge-critical until

we discuss the cases of equality in the upper bound. First, suppose that H satisfies
max{hom(Cj, H)%, hom(Cy, H)i} > A. (4.20)
Using induction on n, we'll show that for any G' € G(n, 2),
hom(G, H) < max{hom(Cs, H)% , hom(Cy, H)1}.

The base case n = 3 is trivial.

1

For the inductive step, assume first that hom(Cs, H)3 < hom(Cy, H)1. If all

el

components of GG are cycles, then we’re finished by Theorem If some component
of G is not a cycle, then by Lemma we can partition V(G) into Y; U Ys, with

1 < |Yi] < n—3and Y connected to Y5, We imagine first coloring Y3 and then

n—|Yq|

extending this to Y;. By induction, there are at most hom(Cy, H) 4 H-colorings

of Y5. But since Y; is connected to Y3, for every fixed H-coloring of Ys, each vertex

in Y7 has at most A choices for a color. Therefore,

n—|Y]|

hom(G, H) < AMlhom(Cy, H) ™ < hom(Cy, H)1. (4.21)

The case when hom(Cs, H)3 > hom(Cy, H)7 is similar.

With the upper bound established in this case, we turn to the cases of equality.
First suppose that H satisfies max{hom(Cj, H)3, hom(Cy, H)i} > A. Then (4.21)
is strict, which implies that equality can only be obtained for the disjoint union of
cycles and hence Theorem provides the cases of equality among edge-critical
graphs.

Now suppose max{hom(Cs, H)3, hom(Cy, H)i} = A (which implies that H can-
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not have Ka a as a component). Notice that equality is achieved for any G with
hom(G, H) = A", and suppose that H # KX (so since hom(C’4,H)i <A H
cannot contain KXJOP as a component). By Theorem , the construction of GG
in Corollary must start with disjoint copies of C3 and/or C;. Corollary
implies that only paths of length 1 may be added to these cycles, and to achieve the
bound of A", every coloring of these cycles must provide A choices for the color of
the vertex in the path of length 1. We outline the possible situations which occur
when adding a path of length 1 to the cycles in Figure [4.5} the vertex labeled v must

have A choices for a color regardless of how the adjacent cycles are colored.

1. 4. v
v
2. d.
m /l)
v
3. 6.
v %
v

Figure 4.5. The possible situations which occur when a path of length 1
(labeled v) is added to the cycles.
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We'll prove that in the situation of Case 5 from Figure [£.5] having A choices for
the color on v for each coloring of C) forces H to contain KIAOOP as a component.
Suppose that the neighbors of v have colors i and j. We can assume that i # 7,
since Cy can map its partition classes to the endpoints of any edge in H. Since v
has A possibilities for its color, necessarily ¢ and j must each have A neighbors and
furthermore those A neighbors must be simultaneously neighbors of both ¢ and j. In
particular, since ¢ and j are on adjacent vertices of Cy, we have ¢ ~p j and so ¢ and
j must be possible colors for v. This means that ¢ and 7 must be looped and that
all neighbors of ¢ are also neighbors of j. But if k is any other neighbor of i, then a
similar argument (replacing j by k) shows that & is looped and is adjacent to all other
neighbors of . Therefore the component containing 7 is KXOP, which contradicts our
assumption that Kx°® is not a component of H.

A routine but tedious analysis of the other cases shows that having A choices
for the color of the vertex in a path of length 1 always forces H to contain KIAOOP
as a component. Therefore, equality can only occur when G is a disjoint union of
cycles, so Theorem again characterizes the cases of equality among edge-critical
graphs.

Finally we need to show that edge-critical graphs are the only graphs achieving
equality. Arguing as in Case 1 of Section adding any edge to a C, will strictly
lower the number of H-colorings unless H contains K IAOOP. The cases of adding an edge
between two disjoint cycles is similar, and so adding any edge to a graph achieving
equality will strictly lower the number of H-colorings unless H is the disjoint union
of some number of fully looped complete graphs. If H is of this form and H # K IAOOP,
then hom(Cy, H)3 > hom(Cy, H)%, and so in fact adding any edge to 3C3 will strictly
lower the number of H-colorings since the disjoint copies of C5 can be colored using

different components of H, but the copies of C3 joined by an edge must all be colored

by a single component of H.
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Now suppose that H satisfies
max{hom(Cj, H)%,hom(C’4, H)%} < A. (4.22)
Recall that from Theorem 1.2 we have
hom(Cy, H)Y* < max{hom(Cs5, H)"/3 hom(Cy, H)'*},
which we bound (for simplicity) by
hom(Cy, H) < (A* — 1)k/4 for k > 3. (4.23)

As in the proof of Theorem [4.1.7, we will let S(2, H) denotes the vectors in V(H)?
with the property that the elements of the vector have A common neighbors, and

s(2, H) = |S(2, H)|. Notice that hom (K, _2) > s(2, H)A" 2.

Suppose again that G is edge-critical. We'll utilize the construction of G' from
Corollary to produce all H-colorings of G by coloring the disjoint cycles first
and then coloring the paths. If there are more than k& vertices in the disjoint cycles,
then by we have hom(G, H) < (A* — 1)¥/4A"=F_ Therefore, we may assume
that there are at most ¢; vertices in disjoint cycles. (All constants in the remainder
of this proof will depend on H but will be independent of n.)

After coloring the cycles, we look at the paths that are added iteratively. If
any path has length longer than some constant [, then by Lemma [4.5.3| we have
hom(G, H) < A" 2. Since a path of length k, for 2 < k < [, has at most A* — 1
extensions to an H-coloring by Corollary if there are more than ¢, such paths
then

hom (G, H) < ﬁ(A’“ ~)ATEI R o A2,
i=1
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So, we may assume that the decomposition of G from Corollary has fewer
than c3 vertices in either disjoint cycles or paths of length 2 < k£ <[, and no paths
of length k£ > [. Therefore, the decomposition has at least n — c3 vertices in paths
of length 1. Furthermore, each path of length 1 must be attached to two of the at
most c3 vertices composing the disjoint cycles and the paths of length at least 2. By
the pigeonhole priciple there exists a ¢4, > 0 and two vertices in G with at least c4n

paths of length 1 joining them.

We have shown that every edge-critical graph G which does not have two vertices
with at least c,n paths of length 1 joining them has hom(G, H) < A" 2, Furthermore,
by Lemma we have the same bound on hom(G, H) if G has a path of length
longer than [. We now deal with the remaining edge-critical graphs G.

Let w; and wy denote the vertices in G joined by at least c¢yn paths of length 1.
Recall from Section |4.2|that S(2, H) is the set of vectors in V (H)? with the property
that the elements of the vector have A common neighbors, and s(2, H) = |S(2, H)|.
Suppose first that the colors on w; and wy are an element of S(2, H). If G is different
from Kj,_o, then wy, we, and the at least cqn paths of length 1 between them do
not form all of G. But then G must contain either a cycle which does not include w,
or wq, or a path of length k (for 2 < k < ly) from w; to w; for some i,j € {1,2}. By

first coloring w; and wy, then any remaining disjoint cycles, and finally the remaining

vertices, Corollary [4.5.2| and (4.23)) imply that there exists a ¢5 < 1 such that there

are at most

5(2, H)cs A™ 2 (4.24)

H-colorings of G of this type.
Now suppose that the colors on w; and wy are not an element of S(2, H). By

first coloring wy and wy, then any remaining disjoint cycles, and finally the remaining

72



vertices, we have at most
[V (H)PA"m=2 (A — 1)%n (4.25)

H-colorings of G of this type.

Combining (4.24) and (4.25)) gives

hom (G, H) < |V (H)]PA™ 2 (%) +5(2, H)es A" 2 < s(2, H)A™ 2,

with the last inequality holding for large enough n.

We've shown that the only edge-critical graph which achieves equality is Ky ,,_2.
We repeat an argument given from Case 1 in Section to prove that this is the
only graph which achieves equality. Since H cannot contain KIAOOp (by ), there
are two (possibly non-distinct) non-adjacent neighbors of a vertex v € V(H) with
degree A. If any edge is added to K3,_» (necessarily within a partition class), then
it is impossible for any H-coloring to color the endpoints of that edge with the non-
adjacent vertices, but such a coloring is possible in K3, 5. Therefore adding any

edges to Ks o produces a graph G with hom(G, H) < hom(Ks,, o, H).
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CHAPTER 5

H-COLORING BIPARTITE GRAPHS

5.1 Introduction and statement of results

Fix graphs G, H, a set of positive weights A = {\; : ¢ € V(H)} indexed by the
vertices of H, and the associated probability distribution p, (as defined in Section
2.3). The question to be addressed in this chapter is the following. What can be
said about an f that is drawn from Hom(G, H) according to the distribution py?
Specifically, for each f € Hom(G, H) and k € V(H) set

/71 (R)]
Ve

s(k, f) =

the proportion of vertices receiving color k, and

palk) = e 37 palf(0) = B) (= Ba(s(h,1))).

VeV (G)

The aim of this chapter is to give fairly precise estimates for p, (k) and the distribution
of s(k, f) for f chosen according to ps, when G is bipartite and either regular or
sufficiently close to regular. We will prove the results for regular bipartite G, and
will discuss the necessary modifications for close to regular bipartite G in Section [5.4}

proofs of these latter results can be found in [20].

The point of departure for this work is a result of Kahn on the hard-core model.
When H = Hj,q with V(Hinq) = {0,1} and E(Hing) = {00,01}, the set of vertices of

G mapped to 1 forms an independent set in G, and Hom(G, Hi,q) can be identified

74



with Z(G), the set of independent sets in G. For each A > 0, the hard-core model
on G is the probability distribution he(\) on Z(G) that assigns to each I € Z(G) a
probability proportional to A/l. One of the oldest and most studied spin models in
statistical physics, this is a simple mathematical model of the occupation of space
(represented by G) by particles of non-negligible size. The model can easily be realized
as a spin model with distribution p, given by assigning weights \g = 1 and A\ = A

to the vertices of Hiyq. See Figure [5.1]

S

1 A

Figure 5.1. The graph Hj,q with weighting \y =1 and A\; = .

Kahn [39] studied this model on a regular bipartite graph G. He proved that
for all fixed A > 0, the model exhibits a phase coexistence in the sense that if G has
equipartition £UQO then most he(\) independent sets tend to come either mostly from
& or mostly from O, in the sense that the size of an independent set chosen according
to he()\) is concentrated close to A/(2(1 + X)), which is exactly the expected size of
an independent set chosen according to the distribution that half the time picks a
hc(A) independent set from € and half the time picks from O. The following theorem

([39, Theorem 1.4 & Corollary 1.5]) formalizes this.

Theorem 5.1.1 (Kahn, 2001 [39]). Let A > 0 be fized. There are positive constants

1, Co, c3 and ¢y (depending on \) such that for every d-regular bipartite graph G on
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n wvertices, the following two statements hold. Firstly, for every ¢ > cl/\/E, if I is

chosen from I(G) according to the distribution hc(\) then

n 2
Pr(||I| - | > < e 127
r(“ | 2(1+A)‘_m> -

Secondly,

- | <o

where

ViV

In particular, a uniformly chosen independent set (A = 1) from a regular bipartite

(= max{ ! logn} . (5.1)

graph consists, with high probability, of close to one quarter of the vertices. While
this corollary may seem more natural than the formulation of Theorem [5.1.1] it is
worth noting that in order to prove the theorem in the special case of A = 1 it is
necessary (at least using the entropy methods of [39]) to pass to the more general
weighted model first. Similarly, it might seem more natural in the present chapter
to focus on the structure of uniform H-colorings, but we are unable to obtain any
results without introducing weights.

From we see that Theorem only gives a concentration result when we
consider families of graphs with d going to infinity. This is not just an artifact of
the proof. For families of graphs with d fixed (and only n going to infinity), the
behavior of E(|I|)/n depends very much on the particular choice of family. As an
example, consider the case d = 2. If GG, is the disjoint union of n/4 copies of the
cycle Cy, and I is chosen uniformly from Z(G), then E(|I])/n is easily seen to be
concentrated close to 2/7. If, however, G,, is the disjoint union of n/6 copies of the
cycle Cg, then E(|I])/n is concentrated close to 5/18. For this reason we implicitly

assume throughout that d is going to infinity.
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We now set up some notation that allows us to state our main result, which
is an extension of Theorem to arbitrary weighted H-colorings. This notation
established in Section [2.3] will be used here and it is a good idea to review that section
before continuing on with the remainder of this chapter. From the remainder of this
chapter, whenever H and A are mentioned, it will be assumed that H is a finite graph
without multiple edges but perhaps with loops, and that A is a set of positive weights
indexed by the vertices of H. Recall that for A, B C V(H) we write A ~ B if for all

u € A and v € B we have u ~g v, and set

na(H) = max{A\sAp : A~ B}

where A\ = Y., Ai- (We will abuse notation and write Ay for Ay (gy.) Also recall
that

My(H)={(A,B) € V(H)2 : A~ B, Mg =na(H)}.
Next define

max {)\A)\k:]-{keB} + )\B)\kl{keA} : (A,B) € MA(H)}
2na(H)

and define a, (k) similarly, with max replaced by min. (After the statement of The-
orem , we will give some explicit examples to illuminate these definitions.) We
make a few remarks regarding the definitions of a} (k) and ajy (k). Note that if k
does not appear in any (A4, B) € My(H) then a}(k) = 0 and that if there is a
pair (A, B) € Mx(H) in which k does not appear then a, (k) = 0. Note also that

ay (k) < af(k). Finally, note that a} (k) and a, (k) both take the form

Aklireay . Aeliren)
24 2Ap

for some (A, B) € M (H). We may interpret this quantity as the expected propor-
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tion of vertices mapped to k in a pure-(A, B) coloring chosen according to py, i.e.,
a pp-chosen H-coloring subject to the condition that all vertices from one partition
class of GG get mapped to A and all from the other class get mapped to B.

Finally, for every ¢ > 0 and k € V/(H) define

Iu(e) = [0, a5 (k) — ) U (a{ (k) +&,1].

Before stating our main result, we motivate it by considering weighted H-colorings
of K44, the complete bipartite graph with d vertices in each partition class, for some
fixed H and A. The adjacency structure of K4 ensures that all H-colorings are pure-
(A, B) for some (A, B) with A ~ B, and that moreover all but a vanishing proportion
(in d) of Zn(Kaa, H) comes from pure-(A, B) colorings for some (A, B) € My (H).
It follows that for each k € V(H), in an H-coloring chosen according to py we have
that with probability 1 — o(1) the proportion of vertices of K, 4 mapped to k will be
between ajy (k) —o(1) and a} (k) 4+ o(1). Our main result, which we now state, asserts

that this property of K4 is essentially shared by all d-regular graphs.

Theorem 5.1.2. Fiz H and A. There are positive constants ¢y, ¢z, ¢ and cq (de-
pending on H and A) such that for every d-regular bipartite graph G on n vertices,
the following two statements hold. Firstly, for every e > cl/\/a and k € V(H) we
have

pa (s(k, f) € In(e)) < cpe 1273, (5.2)

Secondly, for each k € V(H) we have

pa(k) € [ay (k) — caC, af (k) + cu(] (5.3)

where ( is as defined in .
In other words, for regular bipartite GG the distribution p, is concentrated on H-
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colorings for which, for every k € V(H), the proportion of vertices mapped to k is
roughly between a (k) and a} (k).

We prove Theorem [5.1.2] in Section the proof goes along the following lines.
We upper bound the contribution to Zx(G, H) from those f € Hom(G, H) with
|f71 (k)| /n=~>a"(k)+e by Zyus) (G, H)/(1+ )" for some suitably small § > 0
(where A(k, ) is obtained from A by multiplying Ay by 1+ ¢ and leaving all other
A; unchanged). We in turn upper bound Z, .6 (G, H) using a result of Galvin and
Tetali [32] to the effect that for all H and A and all d-regular bipartite graphs G on
n vertices we have

n

ZNG, H) < Zn(Kya, H)? (5.4)

(where recall K44 is the complete bipartite graph with d vertices in each partition
class). We upper bound Zy.s)(Kaa, H) in terms of nas) (H), and in the end we
get, using our choice of af (k) and for some sufficiently small ¢, an upper bound on
the contribution that is significantly smaller than a trivial lower bound on Zx (G, H),
showing that those f € Hom(G, H) with |f~'(k)|/n > a™ (k) + € do not contribute
greatly to the partition function. The same strategy works for |f~1(k)|/n falling
significantly below a~ (k). The details are given in Section [5.2]

When aj (k) = aj (k) for all k, we obtain a single vector around which (s(k, f) :

k € V(H)) is concentrated for f chosen according to py.

Corollary 5.1.3. Fiz H and A. Suppose that for all k € V(H) there is an ap(k)
such that ay (k) = af (k) = ar(k). Then there are positive constants ¢y, ¢z, c3 and ¢4
(depending on H and A) such that for every d-regular, bipartite graph G on n vertices

the following two statements hold. Firstly, for e > cl/\/a we have

pa (|| (506, F)revim — (an () wevan || > ) < cae'275™n,
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Secondly, we have
|| (A (B)wevien — (an(k)revamn| |, < eaC

with ¢ as in .

A situation in which Corollary applies is when either My (H) = {(4,A4)}
or My(H) = {(A,B),(B,A)} (for some A # B). This is in a sense the generic
situation. Indeed, for every H, if the weights \; are chosen from any continuous

(I 2 > 0}, then with probability 1 we will have

distribution supported on {z € RV
M (H) of the form described. As we will see in Example C below, Corollary

also applies in some other natural situations.

The gap between a (k) and af (k) (if there is one) cannot be closed in general, as

the first part of the following theorem shows.

Theorem 5.1.4. Fiz H and A. There is a family {G4}52, of d-regular bipartite
graphs, a function g(d) = o(1) and a positive constant ¢ (depending on H and A)
such that for each k € V(H),

pa (|s(k, f) — af (k)| < g(d))
pa (|s(k, f) — ay (k)| < g(d))

> c—g(d).

There is also a family {G}52, of d-regular bipartite graphs, a function g(d) = o(1)
and (for each k € V(H)) an ax(k) satisfying ay (k) < ar(k) < af(k) such that for
each k,

pa ([s(k, f) = an(F)] < g(d)) = 1 = g(d)

and

pa(k) — aa(k)| < g(d).
We prove Theorem [5.1.4]in Section[5.3] The graphs G4 we exhibit will be suitably
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chosen random regular graphs, and we will use the expansion of these graphs to show
that all but o(1) of py is concentrated on pure-(A, B) colorings for (A, B) € My(H).
The graphs G/, will be disjoint unions of complete bipartite graphs on 2d vertices.
Basic concentration estimates together with the independence of the components will

give the claimed result.

We now explore the consequences of Theorem for some specific choices of H
and A.

Example A (Hard-core model) Let H = Hj,q be as described earlier, with A\ = 1
and A\; = A. We have seen that an element of Hom(G, Hj,q) chosen according to py

is a configuration in the hard-core model on G with activity A\. With these choices

we have My (Hina) = {({0},{0,1}), ({0,1},{0})} and

_ A
ay (1) =a;(1) = 20+

and so Theorem indeed generalizes Theorem [5.1.1] as claimed.

Example B (Multistate hard-core model) Let H = Hy be the graph on vertex
set {0,...,k} with i ~pg, j if and only if i + j < k, and \; = A* for some fixed
A > 0. An element of Hom(G, Hy,) chosen according to py is exactly a configuration
of the multistate hard-core (or multicast communications) model on G with activity
A. This model allows multiple particles (up to and including k) at each site, with
the restriction that there are no more than k particles in total across each edge.
A generalization of the hard-core model (the case k = 1), it has been studied in a
variety of contexts: in communications [57], statistical physics [51] and combinatorics
[31]. For k even the unique pair (A, A) € My(Hy) has A = {1,...,k/2}, while for
k odd, say k = 2¢ + 1, we have My (Hy) = {(A,B),(B,A)} with A = {1,...,¢}
and B = {1,...,0+ 1}. In either case Corollary shows that for this model

(s(k, f) : k € V(H)) is concentrated close to a single value for f chosen according to
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Example C (Uniform proper g-colorings) Let H = K, the complete graph on ¢
vertices, and A = (1,...,1). An element of Hom(G, K,) chosen according to py
corresponds to a uniform proper g-coloring of G. In this case elements of M (K,)
consist of all partitions of V() into two classes as near equal in size as possible,
and an easy calculation gives that for all colors k

_ 1 1
a, (k)= 5Ta/2] and af (k) = 314/2]

so that in particular a, (k) = af(k) = 1/q for q even, and we get the following

corollary of Theorem [5.1.2

Corollary 5.1.5. Fiz ¢ € N. There are positive constants c1, ca and c3 (depending
on q) such that for every d-reqular, bipartite graph G on n wvertices, the following
statements hold. If x is a uniformly chosen q-coloring of G and ¢ > cl/\/a then for
q even

1

_‘ 2 5) S 025—12—638271’

Pr <3k€V(H):‘|X_1#—q

and for q odd

Pr <3k e V(H) : Kk

n

IN
|H
I
(@)
N———"

_ _ 2
< cgeTigTeE

n q—1

Pr<3keV(H);MzL+g)

Recall that a coloring is said to be equitable if the number of vertices in any two
color classes differ by at most 1; that is, the partition of vertices among the color
classes is as uniform as possible. So for even ¢, Corollary states that almost all
proper g-colorings of a regular bipartite graph are “almost equitable”. Of course, by

the symmetry of K, we have E(|x~'(k)|) = n/q for all k in this case.
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5.2 Proof of Theorem B.1.2]

We use ([5.4) to upper bound Zx(G, H). For each of the at most 4V ordered
pairs A ~ B of subsets of H, the contribution to Zx(Kgq4, H) from those f with one
partition class of K;4 mapped onto A and the other partition class mapped onto B

1s at most

(Aarp)?

and so

n  n|V(H)

ZANG,H) < Zy(Kag, H)2a <na(H)24 20 =y (H)

V|3

Ci, (5.5)

where C' is a positive constant depending only on H.

On the other hand, we get a lower bound (with any AyAg = na(H)) of
ZA(G. H) > na(H)3. (5.6)
We now use (5.5) and (5.6) to prove (5.2)). Fix &k € V(H) and an integer ny
satisfying 0 < nj; < n and

n _

—*€[0.ax(k) =) U (ax (k) +2.1] (= ().

Write cgx(ng) for the contribution to Z,(G, H) from those f € Hom(G,H) with
|f~%(k)] = ni. We aim to obtain an upper bound on ci(ng) (via (5.5)) which is
substantially lower than the lower bound ({5.6)), indicating that this term does not
contribute greatly to Z,(G, H).

We begin by considering ny for which

for some &’ satisfying ¢ < & <1 —aj (k). For any § > 0 let A(k,d) be obtained from
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A by replacing A, with (1+J)), and leaving all other A;’s unchanged (and let A 5 4

denote > .4 Aj with A; in A(k,6)). By (5.5) we have

(1+6)"™ck(ng) < Zaws)(G, H)

a3

< nagsy(H)2CO4. (5.7)

Before proceeding, we need to understand nas)(H). Viewed as a function of
§, the quantity As) adks),s (for (4, B) € Mx(H)) is of the form a + bd + cb?
where a = na(H), b = AaMilikeny + ApAelpreay and ¢ = A\j1l{zeanpy. From this
formulation we can easily identify that set ) # S; (k, H) C My (H) with the prop-
erty that for all 6 > 0, all (4,B) € Mx(H) and all (A',B") € Sf(k, H) we have
ANko), ANk, B = Ako),ANko),5: Sx (k, H) consists of all those (A, B") € Mx(H)
for which b is maximum and (subject to this condition) ¢ is maximum. This latter
condition simply means that if some of the pairs that maximize b have ¢ > 0 we only
take those pairs, and if they all have ¢ = 0 we take all pairs.

It is easily seen that there is a sufficiently small ;" > 0 (depending on H and A)
with the property that for all 0 < § < §, and (A, B") € S; (k, H) we have (A, B') €

M k6)(H). Choose one such, (A, BY), arbitrarily. Note that by construction

+ (Aat)Melgpenty + (Mgt ) Melpeary  Mlpeaty  Melpenty
ay (k) = = + :

277A(H) 2>\A+ 2/\B+

Now combining (5.6) and (5.7) and choosing § < §;" we have

pallf 7 R) =) = %

n

< o (Ak0),a+) Ak 5),+) :
B (Aar) (Mg ) (1 + 6)2er )+

(5.8)

Our aim is to show that there is a positive constant ¢ (depending on H and A) such
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that for all 0 < &’ <1 —aj (k) we can find a 0 < § < §; for which

(Atk0),a+ ) (Ak,5),B+) < g—cs?
()\A+)(>\B+)(1 +5)2(aX(k)+€/) > .

(5.9)

Combining this with 1) we see that if € > ¢/ Vd for some suitably large positive
constant ¢ (depending on A and H) then for all ¢ < ¢ < 1 — ajf(k) for which

a®(k)n + €'n is an integer we have
pa (£ ()] = @ (k)n + n) < 27
for a suitable positive ¢, and so

pa (IF(0)] > a*(kn+en) < 3 275

{>en

< 270’5211 Z 27280’5

>0
< (el (5.10)

for suitably large ¢’ (depending on ¢’). An almost identical argument (the details of

which we leave to the reader) yields
pa (1f 7' (B) < a”(k)n — en) < "e127en (5.11)

for € > ¢/+/d. Combining and gives .

We now turn to ([5.9)). Observe that it is enough to prove (5.9) for all 0 < &’ < g,
where g9 < 1—a} (k) may be any constant (perhaps depending on H and A). Indeed,

for any ¢ > £y we know that there is a choice of § < §; for which

(Aksya+t)(Agw,0),8+) < (Ak0),a+) (Ak,0)8+)
(Aar)(Ap+) (1 + 5)2('1X(k)+5/) (M) ()1 + (5)2(‘%(]“)"'80)

2

< 2—660‘
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Setting ¢ = ce2 we have 27t < 279" for & > g and 277 < 2797 for &' < €9, SO
we may replace ¢ with ¢ to obtain the result for the full range of /. From now on
we will assume that & < ¢, for a certain gy that will be specified later.

Setting

~ Melggeany _ Melggen+y

) Ve v

(so af (k) = va + vp) the left-hand side of (5.9) becomes

()\A+> + 5)\k1{keA+} (/\B+) + 5)\k1{keB+}

L+ 0) 2 (Aar) (1400254 (Ags) (5.12)

If either AT = {k} or k &€ A" then the first term of (5.12) is (1+ )~ so that in this

case we have that for any 0 < &’ <1 there is a small enough § > 0 with

(>\A+) + 5)\k1{keA+}
(14 9)2vate" (Aq+)

PV 12
§2C€§2057

where c is a positive constant depending on H and A (the last inequality using &’ < 1).

If k€ AT and |A"| > 1 then the first term of (5.12)) takes the form

Aar) +0M 1400w/ Aar)

(1+ 024+ (Ag+) = 14+0(2va+¢)
_ 1 e’
B L4+ 0(Ae/(Aa+) +¢€')
< 1- %5 (5.13)

with valid for sufficiently small ¢/. Now taking § = &’ (having chosen ¢, small
enough that this choice is allowed, and that 1) holds), we get a bound of 9"
on the first term of , where ¢ is a positive constant depending on H and A only.

Repeating this analysis for the second term of , we obtain (5.9) and thus

B2
Applying with € = ¢y/(logn)/n (if (logn)/n > 1/d) and € = ¢/+/d (other-
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wise), where ¢ > ¢, satisfies c?c3 > 1, we easily obtain (5.3)), based on the observation

that in both cases
Ex(s(k, £)) < (af (k) +) (1= 1270050 4 ey lgmene™s
with a similar lower bound involving a (k).

5.3 Proof of Theorem [5.1.4]

The graph Gy will be a random d-regular bipartite graph on n = %1084

ver-
tices (where ¢ > 1 will depend on the particular H and A under consideration).
A standard method of constructing such a graph is as follows. We begin with a
set of size nd consisting of nd/2 type I vertices {u;; : 1 < i < n/2,1 < j < d}
and nd/2 type II vertices {v;; : 1 < i < n/2,1 < j < d}. We then choose a uni-
formly random perfect matching from the type I vertices to the type II vertices,
and turn this into a d-regular bipartite multigraph on n vertices with bipartition
classes £ = {u1,...,uns2}, O = {v1,...,vn/2} by, for each i = 1,...,n/2, identifying
Uity ..., U g With u; and v 4, ..., v; 4 with v;. Finally, we condition on the result being
a simple graph. This process generates a d-regular bipartite graph on n vertices with
bipartition classes £, O, uniformly (see for example [66]).

O’Neil [53] showed that the probability that the multigraph produced by this
process is simple is (for large enough d) at least e~4/3. 1t follows that if we establish
that the multigraph produced (before conditioning on being simple) has a certain
property with probability at least 1 — e~ (say), then there is a simple d-regular
graph with that property.

We want to establish that for large enough d the multigraph has a number of

desirable expansion properties. First, we want to show that for each C'logd < j <

3n(log d)/d (for some constant C' > 0, depending on ¢), every subset of £ of size j and
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every subset of O of size j has at least «j distinct neighbors where a = d/(C'logd).
For a particular such j, the probability that the graph fails to have this property is

(by a union bound) at most

D < (@)

274 2jd ey
— ¢ Clogd -
Cnlogd

< G 2jd "
e Clog R
- Cnlogd

(for large enough d, depending on C) with the first inequality using (") < (en/r)".
For j > dlogd we bound 2jd/(Cnlogd) < 1/2 (valid for C' > 12) so that for large

enough d (depending on C')

. : jd/2
T _2d < 14794 < 72,
Cnlogd - -

For j < dlogd we instead bound (2dj)/(Cnlogd) < d?/n (valid for C' > 2). We now

have

2jd 2id \’%? , jd?log c —jd?logc
Clogd | —~ < 29dlog d — < [
o <Cnlogd> =GP 10 [ =P T 3l0gd

(again for large d, recalling n = c%1°89) which is at most e~24 for j > Clogd

d/logd

for suitable C' depending on c¢. Since there are at most n = ¢ choices for 7,

the probability that the graph fails to have the desired property for some j is at

@ If the process results in a simple graph, then we trivially get the same

most e~
expansion for subsets of £ or O of size at most C'log d, since for 1 < 7 < C'logd there
is a trivial lower bound of d on the neighborhood size of a set of size j, and we have

d > jd/(Clogd) for j in this range.

Next we establish that the graph has the property that for every subset A of £ of
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size 3n(log d)/d and every subset B of O of size 3n(log d)/d, there is an edge joining a
vertex of A to a vertex of B. By a union bound, the probability that the multigraph

fails to have the property is at most

(”/ 2) (ndf2 = By (28mlog(e)(26)) — 26%n)

Bn (nd/2)°m
where 3 = 3(logd)/d. With n = ¢#1°2¢_ this is at most e~ for large enough d

(depending on ¢). We have shown the following.

Lemma 5.3.1. Fix ¢ > 1. There are dy > 1 and positive C', both depending on c,

d/logd

such that for all d > dy there is a d-regular, bipartite graph G4 onn = ¢ vertices

with bipartition classes £ and O satisfying the following:

1. Every subset of € or O of size j, with 1 < j < 3n(logd)/d, has at least jd/(C'logd)
neighbors.

2. Fvery pair of subsets each of size 3n(logd)/d, one from € and one from O, have
an edge between them.

We now fix such a G4 and study Z (G4, H). Given f € Hom(Gg4, H) set
E(f)={k e V(H):|f(k)N €| = 3n(logd)/d}

and

O(f) ={k e V(H) : |[f (k) N O] = 3n(logd)/d}.

Clearly both &(f) and O(f) are non-empty, and by Lemma [5.3.1] we have £(f) ~
O(f) (that is, everything in E(f) is adjacent to everything in O(f)). So we can
partition Hom (G, H) into classes indexed by pairs (A, B) with A ~ B. Write C(A, B)
for the class corresponding to (A, B). We want to establish that for (A, B) € Mx(H)

we have

S wa(f) = (1+ o(1))na(H)"? (5.14)

fEC(A,B)
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while for all other (A, B) we have

S walf) = o (m(H)"?), (5.15)

fEC(A,B)

where all asymptotic terms are (unless stated otherwise) as d — oco. From this we
see that

Z\(Ga, H) = |Ma(H)|(1 + o(1))na (H)™2,

and that all but a vanishing proportion of Zx(Gg4, H) comes from pure-(A, B) col-
orings (with (A, B) € M(H)) in which & is mapped to A and O to B, with each
such (A, B) contributing equally to Z,(Gg4, H); this is enough to give the first part
of Theorem [5.1.4] Indeed, fix (A, B) € Mx(H). A proportion (1 + o(1))/|Ma] of
Zn(Gq, H) is obtained by independently coloring £ from A and O from B according
to the given weights. Fix £k € A. We claim that with very high probability, a pro-
portion very close to A\x/A4 of € gets mapped to k. Set p = \y/A4 and m = n/2.
The number Uy, of vertices of £ mapped to k is a binomial random variable with

parameters m and p. So by Tchebychev’s inequality,

1
Pr (]Uk —pm| > log my/mp(1 — p)) <

logm’

This shows that the proportion of vertices mapped to k in a pure-(A, B) coloring is

very close to
Aklireay n Aeliren)
2X 4 2)\p

with high probability. Applying this with (A, B) = (A", B*) and (A, B) = (A=, B7),
the first part of Theorem follows.

The lower bound in is obtained by considering pure-(A, B) colorings with
&€ mapped to A and O to B. To establish and the upper bound in , fix

0 < j < 3n(logd)/d, let ¢ = |V(H)|, and assume that d is large. We consider the
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contribution to 3~ cca py wa(f) from those f € C(A, B) in which, for each k ¢ AUB,
we have at most j vertices mapped to k, and we have at least one k' ¢ AU B whose
preimage has size j. To bound the contribution from these f, we first bound the
number of ways of locating the vertices that are mapped to k for each k ¢ AU B
by <Ez§ i (’;))q The contribution to the sum of the weights from these exceptional
vertices is at most (Ag)%. For the contribution from the remaining vertices, we deal

separately with the cases (A, B) € My(H) and (A, B) ¢ My(H). For (A,B) ¢

M (H), we simply upper bound the contribution by ()\A)\B)n/2, leading to

> wa(f) < (Aakg)? (Z (?))q(AH)‘”'

i<j

= 0 (77A<H)n/2) )

as required. For (A4, B) € M, (H), consider a k' that has preimage size j. We claim
that there are at least jd/(2C'log d) vertices which, in the specification of f, need to
be mapped to AU B and which are adjacent to at least one of the j vertices mapped
to k. Indeed, by Lemma [5.3.1] the neighborhood size of the j vertices mapped to
k' is at least jd/(C'logd), and at most gj vertices have been mapped to vertices
from outside A U B, so there are at least jd/(C'logd) — qj > jd/(2Clogd) vertices
that are adjacent to a vertex mapped to k' and need to be mapped to vertices from
AU B. Since k' cannot be adjacent to everything in A, nor can it be adjacent to
everything in B (else we would not have (A, B) € My(H)), our choice on these at
least jd/(2C'log d) vertices is restricted to a proper subset of AU B; the contribution

we get from the remaining vertices (those mapped to A U B) is therefore at most

(\adp)?
(1 + &) whosa

where ¢ > 0 (depending on H and A) can be chosen uniformly for all A, B. Combining
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these observations we get that

D walf) < na(H)? (Zz’Sj (?)) (AH)qa‘.

(1 4 ¢)=hosa
FEC(A,B)

If j = 0, the right-hand side above is (AyAg)™2. For j > 0 it can be bounded above

n/2 1 ’
nA(H) ((1+E’)b;l'fl>

for some ¢’ > 0 (depending on H and A) for all j in the range 1 < j < 3n(logd)/d,

by

as long as c is sufficiently small (recall n = ¢%/1°¢4). Summing over j gives the upper

bound in ([5.14]).

We now turn to the second part of Theorem [5.1.41 We take G/, to be the disjoint
union of m copies of K4 where m = m(d) = w(l). Fix k € V(H). Let X be the
number of vertices mapped to k in a py-chosen H-coloring of G}, and X; the number
mapped to k in the ith copy of K, 4. Define ax(k) by E(X;) = 2day(k), and note that
Var(X;) < 4d*. Since X = >_" | X; we have E(X) = 2dmay (k) and Var(X) < 4md>.

By Tchebychev’s inequality,

P(|X — 2dmay (k)| > 2dme) = P(|X/2dm — ax (k)| > ) < 1/me?.

So choosing € = o(1) with me? = w(1) (for example, ¢ = 1/m!/?), the probability
that the proportion of vertices mapped to k in a py-chosen H-coloring of G/, differs
from ay (k) by more than o(1) is at most o(1). The claimed bound on s(k, f) follows,

as does the estimate of py (k).
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5.4 Results for non-regular graphs

The condition that G be regular can be relaxed quite a bit; we simply require that
G has not too many low degree vertices, that the sum of the degrees of high degree
vertices is not too large, and that the difference between the sizes of the partition
classes is not too great. Here we state the theorems and describe the main differences

in the proofs; for details we refer the reader to [20].

Theorem 5.4.1. Fiz H and A. There are positive constants ¢y, ¢z, ¢ and cq (de-
pending on H and A) such that the following statements hold. Let G be a bipartite
graph on n wvertices with bipartition classes € and O (with |O| > |€]). Let d be an

arbitrary positive parameter. Let € satisfy € > c11/h(G, d) where

WGy = I EE A <l jol-lel 1

> (d(w) = d)1g)za-

ve@

n n dn

Then for each k € V(H) we have (5.3), as well as with now

§:max{s/h(G,d),\/loin}.

If G is d-regular then h(G,d) = 1/d and so Theorem is a generalization of

Theorem[5.1.2] The proof of Theorem [5.4.1]follows the same lines as already described
for Theorem [5.1.2] except that we now require a new upper bound on Zx(G, H). We
modified the entropy-based proof of to obtain the following, which is just what
we need for Theorem [(.4.1]

Theorem 5.4.2. Fiz H and A, and suppose that \; > 1 for alli € V(H). Let G be
any bipartite graph on bipartition classes € and O, with |O| > |E|, and let d be an

arbitrary positive parameter. Then

ZN(G, H) < () oes <D TT Zy (Kagwy.a, H).
ve®
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Note that if G is d-regular then Theorem reduces to (5.4)). Note also that
the condition imposed on the A\; by Theorem is not restrictive: if A’ is obtained
from A by multiplying all \; € A by the same positive constant then py(n,(f) =) =

pa(ni(f) = +) and so we may assume without loss of generality that min{)\; : i €

V(H)} > 1.

Theorem is only of interest in situations where h(G, d) can be shown to be
small (as, for example, when G is d-regular). A natural situation where we can say
something about h(G, d) is in percolation. Given a graph G and a parameter 0 < p <
1, let G, be a random subgraph of G obtained by deleting each edge independently
with probability 1 — p (so the probability that G, = H is pEUDI(1 — p)lE@I=IEEH]),
A corollary of Theorem [5.4.1] is the following “phase transition” phenomenon for
percolation on a regular bipartite graph. If G is a d-regular bipartite graph and p is
much greater than 1/d, then the typical appearance of a py-chosen H-coloring of G,
is similar to that of a pjy-chosen H-coloring of G, whereas if p is much smaller than
1/d, then as long as there is some k € V(H) with A /Ay & [ay (k), aX (k)], these two

objects have different appearances.

Corollary 5.4.3. Fiz H and A. Let f(d) = w(1). There is a function g(d) = o(1)
(depending on f(d)) such that if {G}2, is a sequence of d-reqular bipartite graphs
and p satisfies p > f(d)/d, then with probability at least 1— g(d) the graph Gg satisfies
that for each k € V(H) we have

pa (s(k, f) € Iu(9(d))) < g(d)

and

pak) € [ax (k) — g(d), ax (k) + g(d)] -

If on the other hand p < 1/(f(d)d) then with probability at least 1 — g(d) we have
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that for each k € V(H),

" ( (b ) - 2| < g<d>) > 1 - g(d)
and
pa(k) — j—l’; < g(d)

For the multicast model (Example B), for example, we have

1 1 1
a5 (0) = a3 (0) = + >

’ <Z’SWQJ Ai) 2 (Ziswzw /\i> 2k N

and so Corollary shows a phase transition for this model. For the uniform
g-coloring model (Example C), on the other hand, Corollary gives no infor-
mation about what happens as p crosses 1/d. Indeed, for uniform colorings we

have a= (k) = and at(k) = 525 for all k, and \,/Ag = 1/q. Therefore

1
2[q/2] 2[q/2]

Me/Am € [a=(k),a™ (k)] for all colors k.
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CHAPTER 6

H-COLORING TORI

6.1 Introduction and statement of results

There have been numerous papers devoted to the study of the space of H-colorings
of particular graphs and families of graphs, for various special instances of H. Some
recent papers (see for example [7], [9], [24], [32], and also chapter |5|) have taken a
broader approach, treating the space of H-colorings for arbitrary H. This chapter
also falls into this latter category.

Many of the graphs G on which it is natural (from a statistical physics viewpoint)
to study Hom(G, H) are regular and bipartite. Examples include the infinite lattice
74, the hexagonal lattice, and the Bethe lattice (regular tree). For this reason much
attention has been focused on this special case, and in this chapter that is also where
our focus lies. The notation established in Section 2.3 will be used here and it is
a good idea to review that section before continuing on with the remainder of this
chapter.

In [32], an entropy approach was taken to obtain nearly matching upper and lower

bounds on |[Hom(G, H)| for arbitrary H and d-regular bipartite G, specifically

V(&)

n(H) 2 < |Hom(G,H)| <n(H)

V(G| VIOV (H)]
2 92 2d .

(6.1)

In Chapter 5] this work was extended considerably. For all H and k € V(H), optimal
numbers a¥ (k) and @~ (k) are constructed with the following property: for each

e > 0, if f is uniformly chosen from Hom(G, H), then (for suitably large d) with high
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probability the proportion of vertices of G mapped to k is between a~ (k) — ¢ and
at (k) +e.

Let G be a bipartite graph with fixed bipartition £ U O. Recall that for A, B C
V(H) with A ~ B, a pure-(A, B) coloring is an f € Hom(G, H) with f(u) € A for
all w € £ and f(v) € B for all v € O. If G is regular and has n vertices, then the
number of pure-(A, B) colorings of G is (|A||B])"/?. An intuition driving the results
of [32] and Chapter [5| is that in a certain sense, most f € Hom(G, H) are close to
pure-(A, B) colorings for some (A, B) that maximizes |A||B| € M(H).

Such an intuition cannot be formalized for all regular bipartite G — for example,
by the independence of the coloring on different components of a disconnected graph,
it is easy to see that the intuition cannot be true for a graph that consist of a large
number of small components (see e.g. the family {G}5°; from Theorem [5.1.4)). If,
however, we are working with connected graphs with reasonable expansion (meaning
that each subset of vertices from one partition class has a reasonably large number
of neighbors in the other class) then we might expect it to be true that most f €
Hom(G, H) are close to pure-(A, B) colorings for some (A, B). This is shown for
random regular bipartite graphs, for example, in Theorem [5.1.4} the proof critically
uses the excellent expansion of random graphs.

For other graphs with weaker but still good expansion we expect similar results.
One family of graphs that is of particular interest, given the statistical physics in-
terpretation of H-colorings, is the integer lattice Z? with the usual nearest neighbor
adjacency, together with its finite analog the discrete torus Z2 | the graph obtained
from an axis-parallel box in Z? by identifying opposite faces. These graphs have been
focus of study for particular homomorphism models (see e.g. [30] for independent
sets and [8] for proper colorings), as well as for general H-colorings (see e.g. [7]).

In Chapter |5| information is given about the number of occurrences of each color

in a uniformly chosen H-coloring of Z2 | but no information is given about how the
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vertices of a particular color are distributed between £ and O. Some special cases of
this problem have been previously addressed, as we now discuss.

In [43], in the course of deriving the asymptotic formula

[Hom(Qqg, Hina)| = (2v/€ + 0(1))22"" (6.2)

(as d — o0), Korshunov and Sapozhenko showed that if [ is a uniformly chosen
independent set from @, (that is, if I is the preimage of the unlooped vertex in a
uniformly chosen f from Hom(Q4, Hing)), then with high probability I has size close
to 2¢/4 and is contained almost entirely in a single partition class. Kahn [39] and
Galvin [26] extended these results to the case of I chosen from the set of independent
sets according to the hard-core distribution with parameter A, that is, the distribution
in which each set I is chosen with probability proportional to AVl for some A > 0
(Korshunov and Sapozhenko’s setting is A = 1).

In [40], Kahn considered the set Hom(Qg, Z)/~ (where Z is given a graph structure
by declaring consecutive integers to be adjacent, and ~ is the equivalence relation
defined by h ~ g if and only if h — g is a constant function). Answering a question
of Benjamini, Higgstrom and Mossel [4], he showed that if f is a uniformly chosen
element from this set (a “cube-indexed random walk”), then with high probability
f takes on only constantly many values (independent of d). Extending this work,
Galvin [23] showed that in fact f takes on only at most five (consecutive) values, that
f is constant on all but 0(2¢) (actually, at most g(d) for any g(d) = w(1)) vertices on
one of the two bipartition classes of ()4, and that on the other partition classes each of
two values appear on (1/4 — 0(1))2¢ of the vertices. Using a correspondence between
Hom(Qq4,Z)/~ and Hom(Qq4, K3), the results of [23] also answer the question of the

structure of a typical (uniformly chosen) proper 3-coloring of Q4. In the process of
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showing

|Hom(Qq, Ks)| = (6e + 0(1))2*" (6.3)

it is shown in [23] that Hom(Q,, K3) may be partitioned into an exceptional subset
of size o(1)|Hom(Qq4, K3)|, and six equal sized subsets, with the property that within
each of these six subsets, all colorings are constant on all but 0(2%) (again, actually
at most g(d) for any g(d) = w(1)) vertices on one of the two bipartition classes of
Qa4, and on the other partition classes each of two colors appear on (1/4 — o(1))2%
of the vertices. Peled [55] has recently extended these results on the 3-coloring and
cube-indexed random walk models to more general tori.

One of the main purposes of this chapter is to extend these structural characteri-
zations of Hom(Q, Hig) and Hom(Qy, K3) to arbitrary H and from Q, to Z2 for all
even m. We also extend to the class of probability distributions p, on Hom(Z¢,, H)
(as defined in Section . Because of a technical limitation of one step in our proof,
all weights \; under consideration in this paper will be rational.

We will always think of d as the variable in our functions, with m, H and (when
present) A some fixed parameters, and so all implicit constants depend only on m, H
and A, but not on d. Where necessary we will always assume that d is large enough
to support our assertions.

Recall some basic notation as defined in Section 2.3} for S C Hom(ZZ,, H) and
T CV(H) we write w(S5) for 3~ qwa(f) and Ar for » 7, 7 Ar. Set

na(H) = max{\sAp: A,BCV(H), A~ B}

and

My(H) ={(A,B) e V(H)*: A~ B, \arg=na(H)}.

We now state our first main result, a structural decomposition of Hom(Z% , H) (in

99



the presence of weight-set A) into finitely many classes of similar-looking colorings.

Theorem 6.1.1. Fix H, rational A and m > 2 even. There is a partition of

Hom(Z4,, H) into |Ma(H)| + 1 classes as

Hom(Z{, H) = Dx(0)U | J  Da(A,B)
(A,B)e My (H)

with the following properties.

1. wa(Da(0)) < 27D 7, (72 H).

2. For each (A, B) € Mx(H) and f € Dx(A, B), the number of vertices v € € (resp.
O) with f(v) & A (resp. f(v) & B) is at most (m — Q(1))?, and moreover all but
at most (m — Q1)) vertices w of O (resp. E) have the property that all colors
from A (resp. B) appear on N(w).

We prove Theorem in Section [6.3] This decomposition already gives sig-
nificant information about the structure of Hom(Z2 , H) and the distribution p, on
Hom(Z< , H). For the purpose of obtaining long-range influence results (see Section
, we need a slightly stronger decomposition result that in addition quantifies the
number of vertices of each color in an arbitrary element of each partition class as well

as the sizes of the partition classes. In what follows we use X = Y (1 & 27%@) to

indicate | X/Y — 1| < 2799,

Theorem 6.1.2. Fix H, rational A and m > 2 even. There is a partition of

Hom(Z4,, H) into |Ma(H)| + 1 classes as

Hom(Zi, H) = Cy(0)U | J  Ca(A,B)
(A,B)e My (H)

with the following properties.

1. U)A(CA(O)) < 27Q(d)ZA(Z?mH)

2. For each (A,B) € Mx(H), f € CA(A,B), k € A and ¢ € B, the proportion of
vertices of € (resp. O) colored k (resp. £) is within 274D of \y /A4 (resp. A\e/Ap).
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3. If A+ B is such that (A, B), (B, A) € Mx(H) then
UJA(CA(A, B)) = UJA(CA(B, A)) (1 + 2_Q(d)) .

4. If (A,B),(A,B) € My(H) are such that o(A) = A and ¢(B) = B for some

weight preserving automorphism ¢ of H, then

UJA(CA(A, B)) = UJA(CA(A, B)) (1 + 2_Q(d)) .

5. For each (A,B) e My(H), z€ &,y O, ke A and l € B,

(1 427U\,

palf(@) = kIS € Ca(4,B) = ==

and
(1 427U\,

pa(f(y) =Lf € CA(A,B)) = by
In Section [6.3 we derive Theorem [6.1.2] from Theorem [6.1.4l In Section [6.2] we

discuss a long-range influence phenomenon that is implied by Theorem [6.1.2]
Theorem does not make a general statement about the relative sizes of

the CA(A, B)’s, but there are two important situations in which we can conclude

that the partition of Hom(Z% , H) guaranteed by Theorem is an approximate

equipartition.

Definition 6.1.3. Fix H, rational A and m > 2 even. An approzimate equipartition
of Hom(Z%, H) is a partition into |[M(H)| + 1 classes satisfying conditions
through (5) of Theorem [6.1.2] as well as the condition that for all (4, B), (A", B’) €
M (H) we have

wa(Ca(A, B)) = (1 £ 272 D) w, (Ca (A, B).

A corollary of statements [1] and [3|is that if My (H) = {(A, B), (B, A)} for some

A # B (as, for example, in the case H = Hj,q for arbitrary A), then the Theorem

101



6.1.2 partition of Hom(Z2 , H) is an approximate equipartition with
1
wA (CA<A7 B)) y WA (CA(B7 A)) = ZA(Zrdna H) (5 + Q_Q(d)) :

Furthermore, if Mx(H) = {(A,A)} for some A then the Theorem [6.1.2] parti-
tion of Hom(Z%, H) is trivially an approximate equipartition with wy (Cy(A, A)) =
Z\(Z2, H) (1 —27%9). These are in a sense the two generic situations, as for ev-
ery H, if the weights \; are chosen from any continuous distribution supported on
{z ¢ RVUDI: 1 > 0} then with probability 1 we will have M (H) of one of the two
forms described.

A corollary of statements 1| and || is that if My (H) is transitive, that is, if for
each (A, B), (A, B) € My(H) there is a weight preserving automorphism ¢ of H
with ¢(A) = A and ¢(B) = B, then the partition of Hom(Z% , H) is an approximate

equipartition with

wa (Cx(A, B)) = Zx(Z2, H) (m 4 29<d>> |

This is far from a generic situation, but is the case for a number of very important
examples, such as the uniform proper ¢-coloring model (H = K, and A = (1,...,1)),

where it easily seen that

(q%) if ¢ even
if ¢ odd,

Mal) =4

((q—l)/2) + ((q+l)/2)
or more concisely |[My(K,)| = (1 + 1, Odd})([q%]). (Note that M(K,) consists of
all pairs (A4, B) with A and B disjoint, AU B = V(K,), and |A|, |B| as near equal
as possible). Another example of this behavior is the uniform Widom-Rowlinson

model (H the complete looped path on three vertices, or equivalently the complete
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looped graph on {1,2,3} with edge 13 removed). In this case we have My(H) =
{(A, A),(B,B)} with A ={1,2} and B = {2, 3}.

The existence of these equipartitions is what drives our long-range influence re-

sults: Corollaries [6.2.2] [6.2.3] and [6.2.4] in Section A representative result from

that section is the following: in a proper g-coloring of )4 chosen uniformly condi-
tioned on a particular vertex v € &£ being colored 1, the probability that another
vertex u € & is colored 1 is close to 2/q, whereas the probability that a vertex w € O
is colored 1 is close to 0, regardless of the distances between u, v and w.

In general, we cannot say anything more about the relative (A-weighted) sizes of
the Cr(A, B) as various different types of behaviors are possible. We'll illustrate this
now with two examples. A fact that we use in both examples is that for G connected
and H consisting of components H; and Hy we can identify Hom(G, H) with the
disjoint union of Hom(G, Hy) and Hom(G, Hs).

First, consider H the disjoint union of Hj,q and K3 (note that n(Hi.q) = n(K3) =
2) with A = (1,...,1). The results of [43] and [23] (see (6.2)), and the discussions
around these equations) together imply that in any decomposition of Hom(Qg4, H)
satisfying the conditions of Theorem [6.1.2] along with the exceptional class we have
eight partition classes. Six of these correspond to the six elements of M(K3), and
these each have size (1 + o(1))e/(6e + 2y/e)|Hom(Qq, H)| ~ .14|Hom(Qq, H)|. The
two remaining classes correspond to the two elements of M(H;,q) and each have size
(14 0(1))\/e/(6e + 2v/e)|[Hom(Qq, H)| ~ .08 Hom(Qg, H)|.

For an example with a different type of behavior, let H be the disjoint union
of K)°° (the complete looped graph on four vertices) and Ky (note that n(Ks) =
(K ) = 16, with M(KL ) = (V(KLP), V(KPP))), again with A = (1,...,1).

2d71

It is immediate that [Hom(Qg, Ky )| = 16 and that all colorings in this set
are pure-(V (K ), V(KL)) colorings. It is also fairly straightforward to verify

that [Hom(Qg, Ks)| = w(16%"). Indeed, consider proper 8-colorings of Qg which
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are pure-(A, B) for some (A, B), except that there is one vertex from £ that is
colored from B. An easy count gives that there are (1/2)(3/2)4162""" such colorings.
This implies that in any decomposition of Hom(Q,, H) satisfying the conditions of
Theorem along with the exceptional set we have (i) + 1 partition classes. The
first (i) of these classes correspond to the elements of M(Ks) and each have size
Q(|[Hom(Qq, H)|), and the last class corresponds to the unique element of M (K P)

and has size o(|Hom(Qq, H)|).

The proof of Theorem [6.1.2] is based on the notion of an ideal edge. Let H and
f € Hom(Z%, H) be given. Say that an edge e = uv € E (with u € £) is ideal (with
respect to f) if f(N(u)) = B and f(N(v)) = A for some (A, B) € M(H). We will
only be interested in the probability that a particular edge is not ideal with respect
to f, when f is chosen uniformly from Hom(Z% , H). Note that by the symmetry of
the torus, this probability is independent of the particular edge we choose. Our main

technical result is the following.

Theorem 6.1.4. Fiz H, m > 2 even, and e € E. If f is chosen uniformly from

Hom(Z4,, H) then
Pr(e is not ideal with respect to f) < 27D,

The analogous result for m = 2 and H = Z (with two elements of Hom(Qy, Z)
identified if they differ by a constant) was proved by Kahn in [40], and our proof
follows similar lines. A standard trick of comparing a weighted H-coloring model to
a uniform H’-coloring model for a certain graph H’ (depending on H an A) makes

the generalization from uniform to arbitrary A relatively straightforward.

All of our results are for fixed m, and become interesting as d grows. It would be
of great interest to obtain similar results for fixed d, as m grows (as Peled [55] has

done in the case H = K3), as this would allow us to say something about the space of
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Gibbs measures for the probability distribution ps on the infinite space Hom(Z<¢, H)
(see for example [7], [9], for a discussion of Gibbs measures in the specific context
of homomorphism models). Unfortunately, a careful examination of our proof of
Theorem [6.1.4] keeping track of the dependency of the final constants on m, shows
that at best we may take m = clogd for some absolute constant ¢ > 0 if we wish to

obtain useful results.

6.2 Long-range influence

Roughly speaking we say that a distribution py on Hom(Z% , H) exhibits long-
range influence if the distribution of p, restricted to a single vertex x is sensitive to
conditioning on the color of another vertex y, even in the limit as d and the distance
from x to y go to infinity.

More formally, given a graph H, a weight set A and even m, we say that the
A-weighted H-coloring model on Z2 exhibits long-range influence if there is a choice
of z,y € V and k,¢ € V(H) (actually a sequence of choices, one for each d) with

dist(x,y) = w(1) (where dist is usual graph distance) such that

palf(z) = k[ f(y) =€)
palf(z) = k)

4 1as d— oo. (6.4)

Theorem [6.1.2] strongly implies such a phenomenon, at least in the case where the
partition of Hom(Z%, H) guaranteed by Theorem is an approximate equipar-
tition. The following is an immediate corollary of Theorem [6.1.2] and in particular

statement [B] of that theorem.

Theorem 6.2.1. Fix H, rational A and m > 2 even. Suppose that the Theorem

partition of Hom(Z4 , H) is an approzimate equipartition. Fiz k,¢ € V(H). For all

105



r € £ we have

pa(f(z) =k) = (—|MA1(H)| + Q_Q(d)) Z Ak

A4
(A,B)EM(H): keA

(and by symmetry this is also true for x € O). On the other hand, if x,y € € then

1 A
n@ =t =0 = (g £2) X R
[Ma(H)| (A,B)EM(H): b, keA Aa
and if v € € and y € O then
1 _ oy
() = k1) =0 = (e £ 2 2
[Ma(H)| (A,B)EMn(H): kEA, LEB Aa

By choosing k, ¢ appropriately, these three quantities can be made to be different
(in the limit as d — oo0). Rather than stating an unwieldy general proposition to
this effect, we illustrate it with three examples. It will be helpful first to set up some
notation. Fix m, H and A. For each d € N and x € V, we define the occupation

probability vector Uy(x) by

va(x) = (pa(f(x) = k): k € V(H)).

(We suppress dependance on m, H and A to aid readability.) If the choice of f
is conditioned on an event E we use ty(z|E) to denote the conditional occupation

probability vector, that is,

S| E) = (pa(f(x) = k|E): k € V(H)).

In what follows we use d(+, ) for ¢, distance.

Our first example is the independent set model, that is, H = H,q where V (Hjyq) =
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{0,1} and E(H;,q) = {00,01}. We list 0 first in the occupation and conditional occu-
pation probability vectors. Our weighting vector will assign weight 1 to 0 and rational
weight A to 1. (This is the hard-core model with fugacity A, results on which from
[39] have been discussed earlier.) Noting that My(Hina) = {(4, B), (B, A)} where
A =1{0,1} and B = {0}, we have the following.

Corollary 6.2.2. Fiz m > 2 even and rational A > 0. For all x € V we have

doc (Ud(x)’ (2(2111)’ 2(11 A))) <27,

On the other hand, if x,y € £ then

i (el = ). (T 1)) <27

1T+XN 1+

and if x € € and y € O then

dos (Ta([{f(y) = 1}), (1,0)) < 27\

(This result was earlier proven in [20] for m = 2 and all A (not necessarily rational)
satisfying A > cd~'/3log d for some constant ¢ > 0.)

Our second example is the uniform Widom-Rowlinson model. Here H = Hwg is
the graph on vertex set {1,2,3} with all edges (and loops) present except the edge
connecting 1 and 3. In the occupation and conditional occupation probability vectors
we list the vertices in numerical order. Noting that M(Hwgr) = {(A, A), (B, B)}

where A = {1,2} and B = {2,3}, we get the following via a routine calculation.

Corollary 6.2.3. Fizm > 2 even. For all x € V we have

B 111 -
doo (Ud(l‘), (Z’ 5,1)) S 2 Q(d)
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On the other hand, if z,y € £ then

¢n(ﬁﬂﬂf@0==n,(%,%J0) < 279d)

while if v € £ and y € O then

e (autel ) = 1), (0.5,5) ) <27,

Our final example is the uniform proper ¢-coloring model (H = K, where V(K,) =
{1,...,q} and E(K,) = {ij : i # j}, and A = 1). We list color 1 first in the
occupation and conditional occupation probability vectors. By our earlier observation
that M(H) consists of all pairs (A, B) with AUB = {1,...,q}, AN B = ) and

|A| — |B| € {0, £1}, we get the following via a routine calculation.

Corollary 6.2.4. Fizm > 2 even and g € N. For all x € V' we have

ﬁd(x):(é,...é).

On the other hand, if x,y € £ then

i (antal ) = 1. (3 A2 22 ) ) s

¢ qlg—1)" " qlg—1

and if v € € and y € O then

e (Aol 1) = 10, (0. L o2 ) ) <20

The exact equality for U;(x) here follows by symmetry. This corollary, in the

special case m = 2 and ¢ = 3, was proved in [25] (and is implicit in [23]).

In the uniform proper g¢-coloring model it is natural to allow g, the number of
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colors, to vary with d (see e.g. [11, 37, 38, 59]). We may define long-range influence
in this case exactly as in , simply allowing H to also change with d.

The Dobrushin uniqueness theorem [18, [59] implies that we do not have long-
range influence in the g-coloring model on Z¢, when ¢ > 2d (in the case m = 2) or
q > 4d (in the case m > 4). On the other hand, Corollary establishes that we
do have long-range influence for all constant q.

We can in fact say a little bit more. Using a techniques described in this chapter
(we will not outline the necessary changes here; a description may be found in [21]),

we can prove the following.

Theorem 6.2.5. Fiz m > 2 even. If [ is chosen uniformly from Hom(Z%,, K,)) with

q < (logd)/(m + 2), then for any x,y € € and k € {1,...,q} we have

lim —

1
d—oo Pr(f(x) = k|f(y) =k) 2
6.3 Proofs of Theorems [6.1.1] and [6.1.2]

We first note that if the weight set A’ is obtained from A by multiplying each
Ar by the same constant, then the distributions py and pys are identical. We may
therefore assume without loss of generality that A\, > 1 for all k € V(H).

Our main technical result (Theorem [6.1.4]) considers uniformly chosen homomor-
phisms, so to apply it to homomorphisms chosen according to py we need to first
relate py to uniform distribution on a graph H(A) built from H and A. We use a
technique introduced in [9).

Let C' = C(A) be the smallest integer such that C'\; is an integer for all k € V(H).
For each k let Sy be an arbitrary set of size C )\, with the Sy’s disjoint. We construct
H(A) on vertex set Ugey () Sk by joining  and y if and only if z € Sy, and y € Sy for
some k¢ € E(H). Equivalently, H(A) is obtained from H by replacing each vertex

k by a set of size C\g, each edge by a complete bipartite graph and each loop by a
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complete looped graph; see Figure [6.1]

Uy

Uz

(%1

V2

H H(A)

Figure 6.1. An example H and H(A) with A\; =1, Ay =3/2 and A3 =1, so
C = 2. Here Sl = {1)17U2,U3}, SQ = {Ul,UQ}, and Sg = {w17w2}.

For each f € Hom(Z¢, H) let A; consist of those ¢ € Hom(Z%, H(A)) with
g(v) € Sy for each v € V. It is straightforward to verify that each A; satisfies
|As| = O™ wy(f), and that the Ap’s form a partition of Hom(Z%, H(A)). This
implies that choosing an element g uniformly from Hom(Z%,, H(A)) and then letting
f € Hom(Z%,, H) be such that g € Ay is equivalent to choosing f from Hom(Z¢,, H)
according to py.

Before continuing, we note the following easily established correspondence be-
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tween M(H(A)) and My (H):

IM(H(A))| = [Ma(H)|

and
(6.5)

(A", B") € M(H(A)) if and only if
A" = UgeaSk and B’ = UepSy for some (A, B) € My(H).

Now let g be chosen uniformly from Hom(Z%, H(A)). By Theorem [6.1.4) the
expected number of non-ideal edges of g is at most (m — Q(1))¢ and so by Markov’s

inequality there is a subset Hom'(Z<,, H(A)) of Hom(Z%,, H(A)) with
[Hom!(Z,, H(A))| > (1 —27%@) [Hom(Z¢,, H(A))| (6.6)

and with each g € Hom'(Z4 | H(A)) having at most (m — ©(1))¢ non-ideal edges.
We now need an isoperimetric bound on the discrete torus. The following result

is due to Bollobas and Leader [6] Theorem 8§].

Lemma 6.3.1. Let X C V satisfy |X| < m?/2. The number of edges in E which

have ezactly one vertex in common with X is at least | X|(4=1)/4,
We will use the following corollary.

Corollary 6.3.2. Let a satisfy (ma)¥@=Y) < 1/4. If at most m?a edges are deleted
from Z2 then the resulting graph has a component with at least m%(1 — (ma)¥/(@=1)

vertices.

Proof. Let D be the set of deleted edges, and let C7, (s, ..., Cy be the components
of the graph on vertex set V' with edge set E \ D, listed in order of increasing size
(where size is measured by number of vertices). If £ = 1, we are done. Otherwise,
let X = U’_,C; where £ is chosen as large as possible so that |X| < m?/2. Since D

includes all of the edges which have exactly one vertex in common with X, we have
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by Lemma

mba > |D| > |X|T

and so

| X| < md(ma)% <m/4

(the final inequality by hypothesis). By the definition of ¢, we have |Cyy| > m?/4.
If ¢ = k — 1, we are done (since then |Cy| > m?(1 — (ma)¥(@=1))). We complete the
proof by arguing that we must have ¢ = k — 1. If not, let X’ be the union of all
the components other than Cy,; and those in X. By the same argument as above
(since | X'| < m?/2) we have | X'| < m4/4 < |Cyyy|. This is a contradiction, since by
our ordering of the components X’ is a union of components all at least as large as

Cry1. O

Corollary implies that for each ¢ € Hom'(Z<,, H(A)) there is a collection
F of edges which spans a connected subgraph of Z¢ on at least m? — (m — Q(1))?
vertices, and that all of these edges are ideal (note that in this application we have
a =27 and so certainly (ma)¥@~1 < 1/4). By the connectivity of the subgraph
induced by these edges, it follows that there is some (A’, B') € M(H(A)) such that
for each uwv € F with u € O, we have that N(u) is colored from A’ (and so in
particular v is) and N(v) is colored from B’ (and so in particular u is). We may

therefore decompose Hom'(Z% , H(A)) as
Hom'(Z2, H(A)) = Ui, pyemuayD(A', B')

with the property that for each g € D(A’, B") we can find a subset of V' of size at
least m¢ — (m — Q(1))? with each vertex of this set colored from A’ (resp. B') if it
is in £ (resp. ), and moreover all but at most (m — Q(1))? vertices of O (resp. &)

have all of A" (resp. B’) appearing on their neighborhoods.
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We now pass to a partition of Hom(Z%, H). For each (A, B) € My(H), let
DA(A, B) be the set of all f € Hom(Z%, H) for which there is some g € A; with
g € D(A’, B'), where (A, B’) is obtained from (A, B) by the correspondence described
in (6.5). The Da(A, B)’s are disjoint, for if f € Dy(A, B) (with corresponding
g€ D(A,B") and f € Dy(A, B) (with corresponding § € D(A’, B')) with (A, B) #
(fl, B), the neighborhoods of the endvertices of any edge which is ideal for both g
and § witness that f # f.

Moreover, D (A, B) inherits from D(A’, B') that for all f € D (A, B), the number
of vertices v € € (resp. O) with f(v) & A (resp. f(v) € B) is at most (m — Q(1))?
(for concreteness, (m — )¢ for some 0 < k < m that depends on H and A but may
be chosen to be independent of (A, B)), and moreover all but at most (m — Q(1))?
vertices w of O (resp. £) have the property that all colors from A (resp. B) appear
on N(w).

Set Da(0) = Hom(Z%, H) \ Uia pyemnnDa(A, B). If f € Dx(0) then Ay C

Hom(Z%,, H(A)) \ Hom'(Z¢,, H(A)) and so by
C™"wx (D (0)) < 27D Hom(Z1,, H(A))| = 2~ HIC™ Zy(Z2,, H(N)).

This completes the proof of Theorem [6.1.1

We now turn to Theorem Our construction of the Cx (A, B)’s will be from
scratch (and so in particular we will not refer to ideal edges); however, to establish
the required properties of the Cx (A, B)’s we will relate them to the Dy (A, B)’s.

For each (A, B) € Mx(H) we define a set Cy(A, B)" as follows. First, for each
Fy C Eand F, C O with |Fy|+|Fy| < (m—k)? (with  as described in the construction
of Da(A, B) above), let C/(\FI’FQ)(A,B)’ include all f € Hom(Z%, H) for which every
vertex of £\ F} is colored from A, every vertex from F} is colored from A€, every

vertex of O\ F} is colored from B, and every vertex from F is colored from B¢ (note

113



that for some choices of (Fy, F») we may have C/(\Fl’FQ)(A, B) = 0). Next, set
Cn(A, B) = Uiy, i) Cy "™ (A, BY.

By our upper bound on |Fi| + |Fy|, we have Dx(A, B) C C\(A, B)" for each
(A, B). It is also clear that |CA(A, B)'| = |Ca(B, A)'| (because the mapping from
Hom(Z2 , H) to itself, induced by any automorphism of Z2 that maps £ to O, maps
Cr(A, B) to Cy(B, A) bijectively, and is weight-preserving), and (for a similar rea-
son) that if ¢(A) = A and ¢(B) = B for some weight-preserving automorphism ¢ of
H then |Cx(A, B)| = |Ca(A, B)|. We do not yet have a partition of Hom(Z¢, H),
however, as the Cx(A, B)"’s are not necessarily disjoint.

Most of the rest of the proof is devoted to establishing the following two facts.
First, for each (A, B) € My(H),z €&,y € O, k€ Aand { € B, if f is chosen from

Hom(Z<,, H) according to ps then

pa(f(z) = klf € Ca(A, By) = U220 o
pa(f(w) = (1f € On(A, By) = U0

For the second, say that f € Cr(A, B)" is balanced if for each k € A (resp. ¢ € B)
the proportion of vertices of £ (resp. O) colored k (resp. ¢) is within a multiplicative
factor 1 £ (1 — x/(4m))? of A\y/Aa (resp. A\¢/Ap). For all (A, B) € Ma(H) we have

the following:

pa (f is not balanced|f € Cx(A4, B)") < exp {— (m — g)d/4} ) (6.8)

These two facts allow us to swiftly complete the proof of Theorem [6.1.2] In-
deed, for each (A,B) € Mx(H), let Cx(A, B) be the subset of Cy(A, B)" con-

sisting of balanced homomorphisms. The C\(A, B)’s are clearly disjoint. Letting
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CA(0) be the complement of the union of the Cy(A, B)’s, we have that wx(Cx(0)) <
2-U) 7, (Z% | H) as it consists of the unbalanced homomorphisms removed from the
Cr(A, B)”s (a collection with total weight at most exp{—(m—r/2)?/4} Z(Z2,, H), by
(6.8) together with a subset of D, (0) (with total weight at most 2= 7, (Z4 | H)).
This establishes that our partition satisfies statement [1| of Theorem [6.1.2

Statement [2|is immediate from the construction of the Cx (A, B)’s. Statements
and {4 follow from the corresponding statements for the Cy (A, B)"’s, since the sizes of
Ca(A, B) and Cy (A, B) differ by a multiplicative factor of no more than 1 4 274,
Finally, statement |5 follows from for the same reason.

We now begin the verification of and (6.§), beginning with (6.7). Fix
(A,B) € Mjy(H), z € £ and k € A (the case y € O and ¢ € B is analogous). If
(Fy, F) is such that x & Fy UN(F,), then since x is adjacent to vertices colored from
B, and all vertices of A are adjacent to all vertices of B, we have the following: for f
chosen from C/(\FI’FQ)(A, B)" according to py, the probability that f(x) = k is exactly
Ak/Aa. Thus will follow if we can show that the contribution to w,(Cy (A, B)')
from those C (F1.F2) (A, B)’s with € F; U N(F) is at most 2~ 4w, (Cy (A, B)'). To

establish this, note that

Z wA(C/(\FhFQ)(A?B)/)l{wEFluN(Fz)}

(F1 Fs)
F1 )
= Z Z (A, B))1yerun(m)
yeE (F1,F2)
< Z [Py U N (Fy)lwa(C™™) (4, BY)
(F1 )
(2d + 1)(m — k)"
< md wa(Ca(A, B)').

The first equality follows from the symmetry of both ZZ and the construction of
Cr(A, B). In the first inequality we reverse the order of summation, and in the

second we bound |F; U N(Fy)| by (2d + 1)(m — k)<
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Now we consider (6.8), and so we again fix (A, B) € M (H). A lower bound on
wn (G (4, BY) (for CY™ (A, BY #0) is

)\Zld/Q_|F1UN(F2)|)\ngd/Q—\quN(Fl”_ (69)

As before, this is because every vertex in £ \ Fy U N(F3) is adjacent only to vertices
colored only from B and so may be given any color from A, with a similar argument
for vertices from O \ F, U N(F1) (note that in this lower bound we are using the
assumption A; > 1 for all 7).

For 6 > 0, an upper bound on the sum of the weights of those f € C’/(\Fl’FZ) (A, B) in
which a particular color k from A appears either on a proportion less than (Ay/As—0)

of £, or on a proportion greater than (Ax/Aa + 0), is

a/9 N
> (mz-/><AA—Ak>md/“Az N (A1)

i<(Ak/Aa—8)m?/2
i>(Ag/Aa+0)m?/2

By standard Binomial concentration inequalities (see for example [34] or [3, Appendix

A], we have

d/9 o .
3 (m/ )(AA — )AL < 2exp {—82m2) ATA (6.11)
i<k /Aa—8)m?/2
P>k /Aa+8)md/2

Now combining (6.9)), (6.10) and (6.11]) we find that for f chosen from non-empty
C/(\Fl’FQ)(A, B)" according to py, the probability that a particular color appears either

on a proportion less than (A;/A4—9) of £ or on a proportion greater than (A\;/Aa+0)

1S at most

2| FLUN (Fp)|+2| FaUN (FY)
2/\}}1 (F2)|+2|F2 1)

exp {6?m?/2}

< exp {—52md/2 + O(d(m — ’f)d)}
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(again using \; > 1 for all ¢ as well as our upper bound on |Fi| + |F3|). Repeating
this argument for colors from B and applying the law of total probability and a union
bound, we find that for f chosen from Cy(A, B)" according to p,, the probability that
either there is some color k& from A which fails to appear on a proportion between
(Me/Aa — 0) and (Ag/Aa + 0) of &, or there is some color ¢ from B which fails
to appear on a proportion between (A;/Ap — d) and (A\¢/Ap + &) of O is at most
exp{—6*m?/2 + O(d(m — k)?)}. Taking § = (1 — k/(4m))? gives the required result.

6.4 Proof of Theorem [6.1.4]

Our strategy is to put an upper bound on the entropy of a uniformly chosen
element of Hom(Z% |, H) that is smaller than a trivial lower bound unless ¢ is suitably

small. We build on ideas introduced by Kahn [40].

6.4.1 Entropy

In this section we very briefly review the entropy material that is relevant for the
proof of Theorem . See [40] for an expanded treatment appropriate to the present
application, or for example [50] for a very thorough discussion. In what follows, X, Y,
etc. are discrete random variables, taking values in any finite set. Throughout, we
take log = log,.

The (binary) entropy function is H(a) = —aloga — (1 — «)log(l — «). The
entropy of the random variable X is H(X) = > —p(z)logp(z) where we write p(z)
for Pr(X = z) (and later p(z|y) for Pr(X = z|Y = y)). The inequality that makes

entropy a useful tool for counting is

H(X) < log|range(X)|, (6.12)

with equality if and only if X is uniform. For random variables X,Y and Z where
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Y determines Z, we also have
H(X|Y)<H(X) and H(X|Y)< H(X|Z), (6.13)

that is, dropping or lessening conditioning does not decrease entropy (here H(X|Y') =
>, pY) >, —p(zly)log p(z|y) is a conditional entropy). We will also use the (condi-

tional) chain rule: for X = (X3,...,X,) a random vector,
HX|Y) = HX,|Y) + HX| X, Y) + -+ HX| X1, o, X, V). (6.14)

Finally, we will need the conditional version of Shearer’s lemma from [40] (extending
the original Shearer’s lemma from [13]). For a random vector X = (X1,..., X,,) and

ACm]:={1,...,m}, set Xy =(X;:i€ A).

Lemma 6.4.1. Let X = (Xq,...,X,,) be a random vector and A a collection of
subsets (possibly with repeats) of [m|, with each element of [m| contained in at least

t members of A. Then, for any partial order < on [m],

1 .
H(X) < g%H(XAKXi 11 =< A)),

where i < A means it < a for all a € A.

6.4.2 Notation and definitions

It will be convenient to gather together all of our technical notation in a single

place. We will also utilize the notation from Section [2.3] Recall that

n(H) = max{|A||B|: A,BCV(H), A~ B}
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and

M(H)={(A,B): AABCV(H), A~ B, |A||B|=n(H)}.

Define
S(H)={A: (A, B) € M(H) for some B}.

For ACV(H) let n(A) = {ve V(H): {v} ~ A}, and for A, B C V(H) let p(A, B)

be the number of pairs (a,b) € A x B with a »~ b. Let

Vi={r=(21,...,0q) € V:2g=0,2 €&}

(a set of size m91/2). For each v € V* set

Clv)={v+(0,...,0,i): 0<i<m—1}.

In other words, C(v) is the set of all vertices in V' which agree with v on the first
d — 1 coordinates; note that unless m = 2, C(v) induces a cycle in Z% . (In the case
m = 2, C(v) simply induces an edge; this slight difference between m = 2 and m > 4
is something that has to be accommodated throughout the proof.) Throughout the
proof we think of C(v) as an ordered tuple of vectors (vg,v1,...,U,—1) with each
v;i=v4(0,...,0,7).

For u € C(v) for some v € V*, let v/, =u+(0,...,0,1) and v =u—(0,...,0,1)

(so w/, =" if and only if m = 2), and set

M, = N(u)\ {u,,u_}

and

MC(U):MUOU"'UM

Um—1-

A key observation that drives our proof is that the subgraph of Z¢ induced by Mew)
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is a disjoint union of 2d — 2 cycles of length m (when m > 4) or of d — 1 disjoint
edges (when m = 2); this significantly restricts the appearance of an H-coloring on
Me (v given its appearance on C(v).

To each v € V* with |v| > 2m (where | - | indicates the sum of the coordinates)
associate a w(v) € V* with |w(v)| = |v] — 2m and with w(v) < v in the usual
component-wise partial order on Z?. For |v| < 2m we do not define a w(v), but it
will prove convenient to adopt the convention in this case that M, = (. From now
on, whenever w appears, it will be w(v) for whatever v € V* is under consideration.

We will use (Ag, ..., An_1) to indicate a tuple with each A; C V(H), and when
(Ao, ..., A1) appears as a range of summation it will vary over all possible such
tuples. We will use alt(A, B) for the tuple (A, B, ..., A, B), and n(Ay, ..., A,_1) for
the tuple (n(Ay),...,n(An-1)). We denote by g(Ao, ..., Am_1) the number of ways
of choosing (zo,...,z,_1) with x; € A; for each i and with g ~ «-+ ~ 2,1 ~ X9

(that is, with the z;’s, taken consecutively, forming a cycle).

6.4.3 Events and probabilities

Now let f be uniformly chosen from Hom(Z% , H). We define a number of events

in the associated probability space. For A C V(H) and v € V*, let

Quv.a = {f(N(v)) = A},

R, 4 ={f(M,) = A},
Q) (Agy A1) = ﬂzrfolei,Ai

and

Rc(v),(AO:vamfl) = HZZBlRUi,Ai'
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To denote the probability of each of these events, we will replace the leading upper

case letter with the corresponding lower case letter; so, for example,

Qv,A = Pr (Qv,A) .

For u € C(v) for some v € V* let R, = {f(y) : y € M,} be the random variable

indicating the palette of colors used on M, and let

Finally, define ¢ (depending on d, m and H, but by the symmetry of Z¢ indepen-

dent of v) by

l—e= Z T'C(v),alt(A,B)-
(A,B)EM(H)

6.4.4 A partial order on V'

For 0 <k < (m—1)(d—-1), let

d—1
Lk:{xEV: Zmzk}

=1

We refer to the L;’s as the levels of V; note that they partition V. Following the
approach of [40], we wish to put a partial order on V' that satisfies and
below. We will achieve this by putting an order < on the indices of the levels, as
follows. Begin by ordering the odd natural numbers in the usual order, up to m — 1.
Next put 0, then m+1, then 2, then m+3, etc., interleaving the standard order of the
evens and the odds. This order for m = 2 is used in [40], and begins 1 < 0 <3 < 2 <
5<4....Form=4,itbegins1 <3 <0<5<2<7=<4... and for m = 6 it begins
1<2<5<0<7<2=<9<4< ... These orders are constructed specifically

to satisfy the follow property: for each even ¢ € N we have z < ¢ for all z € X; and
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y<=xzforallz € X; andy €Y;, where X; ={i—m+1,i—1,i+1,i+m—1} NN (or
{i—=1,i+1}NNifm=2)and ¥, ={i—3m+1,i—2m—1,i—2m+1,i—m—1}NN
(or {i — 5,1 =3} NN if m = 2).

We use < to obtain a partial order (which we shall also call <) on V' by declaring
L; < Lj; if and only if ¢« < j. This partial order has two properties that will be
critically important for us. For the first of these, note that for v € V*, if v € L; for

some i (necessarily even), then C(v) C L; and M¢(,) € Uzex, Lz, and so

Mewy C{z: 2 <C(v)}. (6.15)
For the second property, note that since M,, € Uyey, L, for v € L; we have

My CH{z: x < Mew}- (6.16)

6.4.5 The proof of Theorem

We will show that ¢ < 27 (with the implicit constant depending on m and H).
From this, Theorem follows. To see this, first observe that for (A, B) € M(H)
we have Qc(v).al(4,8) 2 Rew),ala,)- Indeed, consider any f € Re(y)alv(a,p)- For each
even i we must have f(v;) ~ a for all a € A, and so since (A, B) € M(H), we must

have f(v;) € B; similarly, for odd ¢ we must have f(v;) € A. Tt follows that

1-e< Z dc(v),alt(A,B)-
(A,B)EM(H)

Now let e = zy be an edge of ZZ ; by symmetry we may assume that e = vgv; for some
v =1 € V*. The event that e is ideal contains the event Ui pyesm(m)@c(v),ai(4,58) (&
union of disjoint events), and so the probability that e is ideal is at least 1 — e.

To bound ¢ we consider the entropy H(f) of an f € Hom(Z%, H), chosen uni-
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formly. We first put a trivial lower bound on H(f):

H(f) = log [Hom(Z2,, H)| > " log n(10). (617

the equality from and the inequality obtained by choosing any (A, B) € M(H)
and considering only pure-(A, B) colorings (as defined in Section [6.1)). The bulk of
the proof will be devoted to finding an upper bound on H(f) which, for ¢ too large,
is smaller than this trivial lower bound.

We will upper bound H(f) by an application of Shearer’s lemma (with con-
ditioning), that is, Lemma m For m > 4, we take as our covering family
{Me(): v € V*} together with 2d — 2 copies of C(v) for each v € V*. For m = 2 we
take {Mc(y): v € V*} together with d — 1 copies of C(v) for each v € V*. Each vertex

of Z2 is covered 2d — 2 times by this family (in the case m > 4) or d — 1 times (in

the case m = 2) and so, bearing (6.13)), (6.15)) and (6.16]) in mind we have

HU) < Y HUIC ) + (57252 ) 5 H (Tt 1a1,), - (615)

2d — 2
veV* veV*

where f[g denotes the restriction of f to the set S C V (note that this is our only
use of the order <). For the first term on the right-hand side of (6.18]) we expand
out the conditional entropy and use (6.12)) to get

IA
<
Q
s
N
o
b
3
L
av
—~
=
aQ
—~
=
—~
o3
=
—~
N
2
BN
3
L
——
~—

.....

IN
<
Q
s
N
o

..... Am_n) J0g (g(n(Ao, ..., Am—1))) - (6.19)

We now turn to the second term on the right-hand side of (6.18)). For |v| < 2m—1
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we use (6.12)) to naively bound

2d — 2

H(f1 Mo f1M,,) < (1+1—{m:}

) mlog |V (H)]; (6.20)

this will ultimately not be too costly since there are not too many such v. Specifically,
the number of such v is exactly the number of vectors (ay,...,aq-1) € {0,...,m —
1341 with Z?;Ol a; < 2m — 2 and even; this is at most the number of solutions to

2m+d73)

d . . . . .
Zz‘:o a; = 2m — 2 in non-negative integers, which is at most ( o2

For |v| > 2m we use (6.13)) and (6.14]) to obtain

H(fT Mgl fTM,) < H(fT Mg Rw)
= H(f rMc(v)aTC(v)|Rw)

< H(Tew [ Ruw) + H(f T M Tew) (6.21)

the equality holding since f] Mew) determines T¢(,). For the second term on the right
hand side of (6.21)) we expand out the conditional entropy and then use (6.12)) to get

H(f rMc(v) ‘TC(U))

VAN
-
Q
=
N
e
(S
3
L
VR
(N}
QL
|
| \}
~_
S
9
=
N
e
0
3
L
=
[N}
>

Here we use that Me(,) consists of 2d — 2 disjoint cycles (in the case m > 4) and d —1
disjoint edges (in the case m = 2).

Inserting (6.19)), (6.20)), (6.21]) and (6.22)) into (6.18)), combining with (6.17]), sum-

ming over v € V* (noting that |[V*| = m?!/2) and using the symmetry of Z% we
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obtain

mlogn(H)
2(275+d§3) 10g|V(H)| 1—|—1{ =2}
= =) H(T, 2
< Dt (st ) H(te R (6.23)
+ Y T an 0 108 (9( A, - An)g(n(Ag, - Apa)))
(AgyeeryAm—1)

We now focus on the sum on the right-hand side of (6.23)). Using the trivial bound
9(Ag, -, Amr) H (6.24)
i=0

together with the observation that for any (A, B) € M(H) we have n(A) = B and

n(B) = A, we have
g(alt(A, B))g(n(alt(A, B))) < n(H)™ (6.25)

for any such (A, B) (actually we have equality in ((6.25]), but we will not need it). On
the other hand, we claim that if (Ao, ..., A,,_1) is not of the form alt(A, B) for some

(A, B) € M(H) then there is a constant §(H) > 1 such that
g(Ao, ... Apm1)g(n(Agy ..., Am—1)) < n(H)™ — 6(H). (6.26)

To see this, note first that if there is an A € (Ao, ..., A,—1) with A € S(H), Ay say,

then from (|6.24) we have

g(A()?vAm—l)g(n(AO’7Am—1)) H |A ||TL( >|

=0

and since each of the terms in the product above is at most n(H) and one (| Ag||n(Ao)]|)

is strictly less than n(H), we get (6.26). So we may assume that (Ao,...,An-1) €
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S(H)™, but is not of the form alt(A, B). Since (A, B) € M(H) is equivalent to
A, B € S(H) and A = n(B), B = n(A), we may assume without loss of generality
that A; # n(Ap). We have

iAo Ant) < (Aollds] = plo, 40) TT 4
and
(Ao, s An1)) < (n(AD)In(A)| — pla(Ao), n(4)) TT In(A0)

If one of p(Ag, A1), p(n(Ap),n(Ay)) is non-zero, then as before the product of these
two bounds is strictly less than n(H)™, giving (6.26]) in this case. If they are both
0 then we have Ay ~ A; and n(Ag) ~ n(A4;), so A1 C n(Ap) and n(Ay) C Ay, so

A; = n(Ap), a contradiction.

Recalling the definition of ¢, together (6.25]) and (6.26]) yield

Z TC(v),(AgssAm—1) 108 (9(Ao, - . s Am—1)g(n(Ao, . .., A1)

IN
[Q)
—
o
03
—~
3
—~
=
3
|
(=%
—~
=
~—
+
—~
[u—
|
™
~—
S
09
=
—~
=
3

IN
3

<3
03

=

=z
|

(recall log = log,). Inserting into (6.23)) we get

ed(H)loge < Q(anﬁ;g) log [V (H)| n (1 + 1in=2)

n(H)™  — md=2 2d — 2 ) H(Tew)| Ruw)- (6.27)

The final entropy term we need to analyze is H(T¢()|Rw). A naive upper bound

from (6.12]) is
H(Tew)| Rw) < [V(H)|m,
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the right-hand side being the logarithm of the size of the range of possible values.
Inserting this into (6.27) we have

ed(H)loge 2(2?7:%;3) log [V (H)| I+ 1pm=0
< .

showing that ¢ < ¢/d for some constant ¢ depending on H and m.
The information that ¢ = o(1) as d — oo allows us to strengthen our bound on

H(Te(w)|Rw), via the following key lemma.

Lemma 6.4.2. For any (A,B) € M(H),

3m — 1)
Pr(Re(w) ait(a,B)| Rw.a) > 1 — g’
Tw,A
and also
Z Tw,A S €.
A¢S(H)
P?"OOf. Choose Wiy v, Wopm—1 € V* with w < wy < v < Wy, < U in the usual

partial ordering of Z¢. Then

(RC(U)valt(AvB))c m Rw,A C (Rw’A m (RwlyB)c) U (Rwl,B ﬂ (Rw2,A)C> U e
U (Rw2m717B N (RUO,A>C) U (R’U(MA N (RULB)C) T

U (Rym,g,A N (RvmflyB)c) )

and each of the 3m — 1 events on the right hand side occurs with probability less that

g, by symmetry of Z4 . Therefore

Pr ((Rew),a,8) N R a)
Tw,A
(3m — 1)e

Tw,A

Pr((Rewy(a5))" [Ru.a) =

IN
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Also, Ty A > Te(w),al(4,B) implies

Z Tw,A 2 Z Te(w),alt(4,B) = Z TC(w),alt(A,B) = 1—e.

AeS(H) AeS(H) (A,B)EM(H)

We now partition S(H) by S(H) = S1(H)USy(H), where A € §;(H) if and only
if .4 < 2(3m — 1)e (note that this partition depends on d as well as on H, and for
fixed m and H it may change for different values of d). For convenience we also write
So(H) for the complement of S(H) (in the power set of V(H)). Expanding out the

conditional entropy we have

TC(v |R Z Z TwAH TC |RwA)

=0 AeS;(H)

Trivially (from (6.12)) and the second statement of Lemma [6.4.2)),
> rwaH(Tew)|Rua) < e|V(H)|m. (6.29)

AeSy(H)

For the remaining two terms of the sum, we need to do a little groundwork. For each

A, —H(T¢(y)|Rw,a) is the sum over all (Ao, ..., Ap—1) of

Pr({Tew) = (Ao, ..., A1) HRuw,a) log (Pr({Tew) = (Ao, ..., A1) }HRuw,4))

(by definition of entropy) and so
H(Tew)|Rwa) <Y H(Pr({Tew) = (Ao, - Ap1)HRua)) - (6.30)

For A € S;(H), we cannot do any better than bounding all 21V entropy terms
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in (6.30) by 1, leading to

Z Tw,AH(TC(v)|Rw,A) < olV(H)|m Z Fud
AES, (H) AeS1(H)

< 2(3m — 1)2VEIm+ (6.31)

since there are at most 2IV() summands and each is at most 2(3m — 1)e. For

A € S,(H), on the other hand, we know by Lemma and the definition of Sy(H)

that
3m —1)e 1
Pr({Tow = (Aos- s A1) Rup) < O D2 1
Tw,A 2
if (Ao, . ,Am_l) 7£ alt(A, B), while
3m — 1)e 1
Pr({Teqo = (Ao Am ) HRu) 21— 2218 > 2

if (Ao, ..., Am_1) = alt(A, B). We may therefore replace each of the entropy terms
in (6.30) by H((3m — 1)e/ry.4), leading to

Z rw,AH(TC(v) |Rw7A)

AESy(H)
< olV(H)m Z TwAH((Sm—l)g)
B ’ Tw,A
A€eS2(H) ’
H -1
< ol (5 H<|32( )|(3m )s) (6.32)
A€y (H) ZAGSQ(H) Tw,A

with (6.32)) an application of Jensen’s inequality. Now we use the fact that ¢ < ¢/d
to conclude that the argument of the entropy term in (6.32)) is bounded above by Ce

for some constant depending on m and H (this utilizes Lemma and the fact
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that >_ 4cs, (gr) Tw,4 18 at most ce) to get

> rwaH (Tew)|Rua) < CH(C). (6.33)
AeSy(H)

We now combine (6.29), (6.31) and (6.33) with (6.27) to find that there are

constants ¢;,7 = 1,...,4 (all depending on both m and H) such that

de? CgH(C4€)
it

cie <

Using H(z) < 2xlog(1/z) for x < 1/2 (a simple power series argument) this becomes

de> |
+ % 10g —, (6.34)

ma d C4E

c1e <

from which it follows that e < 27%d),
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