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NOT EVERY CO-EXISTENTIAL MAP IS CONFLUENT

PAUL BANKSTON

Communicated by Charles Hagopian

ABSTRACT. A continuous surjection between compacta is co-existential if it
is the second of two maps whose composition is a standard ultracopower
projection. Co-existential maps are always weakly confluent, and are even
monotone when the range space is locally connected; so it is a natural ques-
tion to ask whether they are always confluent. Here we give a negative
answer.

This is an interesting question, mainly because of the fact that most the-
orems about confluent maps have parallel versions for co-existential maps—
notably, both kinds of maps preserve hereditary indecomposability. Where
the known parallels break down is in the question of chainability. It is a cel-
ebrated open problem whether confluent maps preserve chainability, or even
being a pseudo-arc; however, as has recently been shown [7], co-existential
maps do indeed preserve both these properties.

1. INTRODUCTION

Co-existential maps are defined using topological ultracopowers in an exact mir-
roring of how one characterizes the existential embeddings of model theory in
terms of ultrapowers. (See, e.g., [3] for a full explanation.) Briefly, if X is a com-
pactum (i.e., a compact Hausdorff space) and D is an ultrafilter on a set I (viewed
as a discrete topological space), then we let p: X x I - X and ¢: X x [ — T
be the standard projection maps. The D-ultracopower of X is denoted XI\D,
and is the inverse image of the point D € (I) with respect to the Stone-Cech lift
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q” : B(X x I) — B(I). The restriction of p? : 3(X x I) — X to XI\D is a con-
tinuous surjection, is denoted px, p, and is called the codiagonal map associated

with the given ultracopower.

XN\D S g xn LB

N\ Px,D | pf
X

Now we may define a function f : X — Y between compacta to be a co-existential
map if there is an ultracopower Y I\D and a continuous surjection g : YI\D — X
such that fog=pyp.

YI\D
9./ \lpyp
x Ly

In particular any ultracopower codiagonal map is co-existential. In the sequel,

a continuum is a compactum that is connected; a subcontinuum of a space is a
subspace that is also a continuum. We take [10] as our main source for continuum
theory, noting that we differ from that text only to the extent that our continua
do not have to be metrizable. The following is a short list of examples of how
co-existential maps arise.

Examples 1.1. (1) (See Remark 1.4 in [4]) If A and B are lattice bases for

(2)

(3)

compacta X and Y, respectively, and if there is an existential embedding
from B into A, then that embedding naturally induces a co-ezistential map
from X onto Y.

(Theorem 2.7 in [2]) A function from an arc to a compactum is a co-
existential map if and only if the range is an arc and the map is a con-
tinuous monotone surjection.

(Corollaries 2.17 and 2.18 in [5]) If G is a connected topological graph, then
there is a co-existential map from G onto a simple closed curve (resp., an
arc) if and only if G is not a topological tree (resp., there is a point of G
whose complement has exactly two components).

(Proposition 6.2 in [2]) If Y is a totally disconnected compactum with no
isolated points, then every continuous map from a compactum onto Y 1is
co-existential.

(Theorem 6.1 in [2] and Corollary 4.13 in [4]) Fvery nondegenerate contin-
wum X is a continuous image of a hereditarily indecomposable continuum
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Y, of the same weight as X and having (Lebesgue—éech) covering dimen-
sion one, such that every continuous map from a continuum onto Y 1is
co-ezxistential.

A continuous surjection f: X — Y is termed confluent (resp., weakly confluent)
if every (resp., some) component of f~![K] is mapped onto K via f whenever K
is a subcontinuum of Y. f is monotone if f~1[K] itself is connected; f is open if
flU] is open in Y for each U that is open in X. The class of confluent mappings
contains both those of open and of monotone maps; our main interest here is in
showing that it does not contain the class of co-existential maps. The following
summarizes the main known features of co-existential maps.

Theorem 1.2. (1) (Theorems 2.4 and 2.7 in [2]) Co-existential maps are
continuous surjections that are weakly confluent; in the case where the
range is locally connected, they are monotone.

(2) (Proposition 2.5 in [2], Proposition 4.2 in [4]) Co-existential maps pre-
serve the topological properties of: being infinite, being disconnected, being
totally disconnected, being an indecomposable continuum, being a hered-
itarily indecomposable continuum, and being a hereditarily decomposable
continuum (but not being a decomposable continuum).

(3) (Example 5.4 (2) in [7]) Co-ezistential maps preserve the property of being
a chainable continuum.

(4) (Example 5.2 (3) and Remark 5.5 (3) in [7]) A co-ezistential image of a
pseudo-arc is a pseudo-arc.

(5) (Theorem 2.6 in [2]) Co-existential maps do not raise covering dimension.

(6) (Corollary 5.4 in [4]) Co-ezistential maps do not raise multicoherence de-
gree in continua.

(7) (Theorem 5.3 in [6]) Co-existential maps preserve the following proper-
ties of continua: unicoherence, hereditary unicoherence, weak hereditary
unicoherence, and strong unicoherence.

2. ANATOMY OF A CODIAGONAL MAP

Let F(X) be the bounded lattice of all closed subsets of a compactum X. A
sublattice of F'(X) that is also a closed-set base for X is called a lattice base for
X. The set of complements of members of a lattice base is itself a lattice, as well
as an open-set base, and is referred to as an open lattice base for X.

If D is an ultrafilter on a set I, we may view (see [3]) the points of XI\D
as consisting of maximal filters in the lattice F(X)!/D, the ultrapower of the
lattice F(X) via D. By way of notation and explanation: if (S; : ¢ € I) is an
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I-indexed family of sets, let [[, S; be the set-theoretic ultraproduct of the family
(see, e.g., [8]). Points of the ultraproduct are D-equivalence classes of members

of the cartesian product [],.; S;, where two I-tuples s and t are D-equivalent if

iel
{iel:s;=t;} €D. Wheneeach S; is endowed with some algebraic operations,
there is a natural way to induce these operations on the ultraproduct. And when
the original operations are those of a lattice, so too are the induced operations.
In the case each S; is equal to a single set S, the ultraproduct [[, S; is referred
to as an ultrapower, and is denoted S?/D. So, in particular, when S = F(X) is
a closed-set lattice, there is a naturally-defined lattice structure on S7/D, and it
makes sense to define XT\D as above.

Let us now regard each S; as a subset of a compactum X, and denote by
(ITp Si)¥ the collection {y € XI\D : some member of 4 is contained in [] S;}.
Then the standard lattice base for the ultracopower comprises the sets (][ C)Y,
where the sets C;, i € I, are all closed in X. Moreover, if U; C X is open,
i € I, then it is easy to show that ([]p U;)? is open in XI\D. (Indeed, it is the
complement, in XI\D, of ([[p(X \U;))*.) Finally, for any y € XI\D and z € X,
x = pxp(p) if and only if, for each open neighborhood U of z in X, we have
w € (U /D)%

By way of simplifying notation in the sequel: when there is only one ultrafilter
under discussion in a particular argument, we let S* abbreviate (S7/D)*.

Lemma 2.1. Let B be an open lattice base for a compactum X, with D an
ultrafilter on a set I. Let p = px p.

(1) If C C X s closed, then C* C p~[C], and p[C*] = C.

(2) If U C X is open, then p~1[U] = U{ETj :Be€Band BC U} CU*, and
plU* CU.

(3) If C C X s closed, then p~1[C] = "{B*: B€ Band C C B} = ﬂ{?ﬁ :
B e BandC C B}.

(4) If U C X is open, C C X is closed, and U C C, then p~'[U] C C*.

PROOF. Ad (1): Assume p ¢ p~*[C]. Then there is some open neighborhood U of
p(p) with UNC = (). Hence (UI/D) N (C1/D) = B; and since UI/D € pu,

it follows that u ¢ C*.
Clearly from the first paragraph, we know p[C*] C C. If x € X, then
x = p(p) for any u € X'\D such that {z}/ /D € p. If x € O, then any

such p must lie in C*.
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Ad (2): Suppose that B € B, B C U, and u € B'. Then p(p) € B, by (1)
above; so p(u) € U. Thus p € p~1[U]. Now suppose pu € p~L[U]. Then
there is some B € B, with p(u) € B C B C U. Thus p € Bt C En.
The union on the right-hand side is obviously contained in U*. Finally,

711 J—
plUF] Cp[U"] =T, by (1).

Ad (3): To start with, the two big intersections are equal, on account of the reg-
ularity of compacta. Suppose p € p~1[C], with B € B, and C C B. Then
p € B by (2). If u ¢ p~1[C], then we can find B € B with C C B and

p(p) ¢ B. Then p ¢ p~*[B] 2 B, by (1).

Ad (4): We have the inclusion U* C C*; apply (2) above.
U

Remarks 2.2. (1) From well-known properties of ultracopowers (see [3]), if
C'is a subcompactum of X, then CI\D is homeomorphic to the subcom-
pactum C* of X I\ D. Ultracopowers of continua are themselves continua;
hence, by Lemma 2.1(1), if C' is a subcontinuum of X, then C* is a sub-
continuum of X T\D that witnesses the weak confluence of the codiagonal
map.

(2) If X is locally connected, then X has an open lattice base B that consists
if finite unions of connected sets. From this fact, and Lemma 2.1(3), we
may infer that any ultracopower codiagonal map onto X must be mono-
tone.

3. CODIAGONAL MAPS THAT ARE NOT OPEN

In this section we show that ultracopower codiagonal maps are very rarely open
maps.

Proposition 3.1. Let X be a metrizable compactum, with D a countably incom-
plete ultrafilter on a set 1. If U C X is open, then px p[U¥] =U.

PROOF. As above, we let p = px,p. By Lemma 2.1(2), we have only to show
that the right-hand side is contained in the left. So suppose that 2 € U, and
that (z, : n € w) is a sequence of points in U, converging to x. Since D is
countably incomplete, we have a nested sequence I = Jy 2 J; D ... of sets such
that J, € D, for all n € w, and ), ., Jn = 0. Then for each i € I, we may define
a(?) to be the largest n € w such that ¢ € J,. For each ¢ € I, define z; to be
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Tqo(;). Let p € XI\D be such that [[,{z;} € p. It follows that if V' is any open
neighborhood of z, then {i € I : #; € V} 2 J,) € D. Hence [[p{zi} € V!/D;
i.e., p € VFE Thus p(u) = x. Since [[p{z;} C U!/D, we have u € U*. O

Theorem 3.2. Let X be an infinite metrizable compactum, with D a countably
incomplete ultrafilter on a set I. Then px p is not an open map.

PROOF. Since X is an infinite metrizable compactum, it has convergent sequences
that are not eventually constant. It is well known [12] that X is therefore not
extremally disconnected; i.e., there is an open U C X whose closure is not open.
By Proposition 3.1, px p takes the open set U* onto U. Hence this codiagonal
map is not open. O

4. CODIAGONAL MAPS THAT ARE NOT MONOTONE

In this section we show how to produce ultracopower codiagonal maps (onto con-
tinua that may be taken to be metrizable) that are confluent, but neither open
nor monotone. We first define a co-existentially closed (resp., confluently closed)
continuum to be a continuum that is only a co-existential (resp., confluent) im-
age of other continua. Recall that a continuum (or compactum) is hereditarily
indecomposable if no two of its subcontinua overlap without one being contained
in the other. The pseudo-arc is the best-known example of a hereditarily inde-
composable continuum; the following is a somewhat expanded version of what we
stated in Example 1.1(5).

Theorem 4.1. (1) (Theorem 6.1 in [2]) Every continuum is a continuous
image of a co-existentially closed continuum, of the same weight.
(2) (Corollary 4.13 in [4]) Every co-existentially closed continuum is heredi-
tarily indecomposable, and of covering dimension one.
(3) (see[10]) A continuum is confluently closed if and only if it is hereditarily
indecomposable.

Remark 4.2. Compare our definition of confluently closed continuum with that
of the better-known Class(C'), studied in A. Lelek’s Houston Topology Seminar of
the 1970s, where the context is metrizable continua. However, since the metriz-
ability assumption may be eliminated from the characterization Theorem 4.1 (3)
above, it turns out that Class(C) comprises the confluently closed continua that
are metrizable. The term confluently closed is chosen here to emphasize the ob-
vious analogy with the class of co-existentially closed continua; which, in turn,
is so named because of the obvious dual analogy with the notion of ezistentially
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closed model of a first-order theory (see, e.g., [8]). In view of Theorem 4.1 (2,3),
we see that every co-existentially closed continuum is also a confluently closed
continuum. This adds further interest to the question of whether co-existential
maps are always confluent.

Before stating the next theorem, we remind the reader of a basic topological
construction. Let X and Y be spaces, with points a € X and b € Y given. Then
the wedge sum (X, a) V (Y,b) is the quotient space [(X x {0}) U (Y x {1})]/ ~,
where ~ is the equivalence relation whose only nontrivial equivalence class is
{(a,0), (b,1)}. This is the classic way of “spot welding” two continua together to
obtain a new one.

In light of Theorem 4.1(1), the hypothesis of the next theorem is nonvacuous.

Theorem 4.3. Let X be a metrizable co-existentially closed continuum. Then
there is an ultrafilter D on o set I such that px p is confluent, but neither open
nor monotone.

PROOF. We first note that (Theorem 4.1(2)) since X is a co-existentially closed
continuum, it must be nondegenerate, hence infinite. Pick a point a € X, and
define Y to be the wedge sum (X, a)V (X, a). Let f: Y — X take the equivalence
class containing (x,7) to . Then Y is a continuum and f is not monotone. But,
because X is a co-existentially closed continuum, f is a co-existential map. Thus
there is an ultrafilter D on a set I, and a continuous surjection g : XI\D — Y,
such that fog=p=px,p. Since f is not monotone, it follows immediately that
p is not monotone either. By Theorem 4.1(2,3), p is a confluent map; it remains
to show p is not open.

By Theorem 3.2, p will be shown not to be open once we establish that D is
a countably incomplete ultrafilter. First, we know D is nonprincipal. Otherwise
p would be a homeomorphism; but we already know p is not monotone. So if
it were the case that D is countably complete, then, by well-known set-theoretic
facts (see, e.g., [8]), the only way for p not to be a homeomorphism would be for
the cardinality of X to exceed a measurable cardinal. But X is metrizable, it has
the cardinality of the continuum, and this scenario is impossible. Thus D must
be countably incomplete after all. O

5. CODIAGONAL MAPS THAT ARE NOT CONFLUENT

In this section we provide a general method for producing ultracopower codiagonal
maps that are not confluent.
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Theorem 5.1. Let X be a co-existentially closed continuum, with Y any nonde-
generate continuum. Then there is an ultrafilter D on a set I and a wedge sum
Z of X and 'Y such that pz p is not confluent.

PRrROOF. Given the co-existentially closed continuum X, we use the construction
in the proof of Theorem 4.3 to find an ultrafilter D on a set I such that px p
is not monotone. Fix a € X such that p}}D[{a}] is disconnected, and let b € Y
be arbitrary. We then set Z = (X,a) V (Y,b). Without loss of generality, we
may assume X and Y are disjoint, and we give X UY the obvious disjoint union
topology. Let ¢ : XUY — Z be the standard quotient map. Then we set A = ¢[X]
and B = ¢[Y], so that ¢|X (resp., q|Y) is a homeomorphism between X and A
(resp., Y and B). Let ¢ = ¢g(a) = q(b), so that AN B = {c}. Because we are
working with only one ultrafilter in this argument, we use ( )* to abbreviate both
(()!/D)* and ( )I\D. But since there are several codiagonal maps present, we
drop the ultrafilter subscript only.

Our claim, then, is that B witnesses the failure of the confluence of py. First
of all, U = Z \ A is a nonempty open subset of Z, contained in B. Hence, by
Lemma 2.1(4), p}l[U] C B*. Now B!, being a subcontinuum of Z*, is contained
in a component of p}l [B], by Lemma 2.1(1). Consequently no other component of
p,*[B] can map onto B. Tt therefore remains to show that p,'[B] is disconnected.

Let ¢ : (X UY)! — Z* be the ultracopower lift of g; i.e., the map defined
by the condition [], C; € ¢*(x) if and only if [[, ¢ *[Ci] € p. Then we have
a commutative square of maps, defined by the equality ¢ o pxuy = pz o ¢f. We
may regard (X UY)* as naturally homeomorphic to X* UY¥, so we may abuse
notation slightly and write the commutativity equation as go (px Upy) = pz o¢’.
It is easy to show that ¢%|X* (resp., ¢*|Y*?) is a homeomorphism between X* and
A? (resp., Y and B*). Also we have A* N B* = (AN B)* = {c}#, a singleton set.
So indeed Z* is naturally homeomorphic to the wedge sum (X¥, uq) V (Y¥, 1),
where p, and pp are the single elements of {a}* and {b}f, respectively. Thus
p,*[B] is naturally homeomorphic to the wedge sum (py'[{a}], o) V (Y¥, 1), a
disconnected set because py'[{a}] is. O

Recall that a map is called light if the inverse image of every point in the range
is totally disconnected. Because of Theorem 5.1, the hypothesis of the following
result is nonvacuous.

Proposition 5.2. Suppose X is any compactum that is the image of a compactum
under a co-existential map that is not confluent. Then X is also the image of a
compactum under a co-existential light map that is not confluent.
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PROOF. Let f:Y — X be a co-existential map that is not confluent. Then (see,
e.g., [10, 11]) there is a continuum Z, a monotone surjection g : ¥ — Z, and a
light surjection h : Z — X such that f = hog. Then h is easily seen (Corollary
2.7 in [1]) to be a co-existential map. Since f is not confluent and confluence is
closed under mapping composition, we infer that h is not confluent either. O

Added in Proof: Using model-theoretic methods, particularly the Lowenheim-
Skolem theorem (see [3] for details), one may start with a nonconfluent (non-
monotone, nonopen) codiagonal map px p and derive a map f : Y — X, where:
(i) f is nonconfluent (nonmonotone, nonopen); (i) Y has the same weight as X;
and (iii) f is co-existential. (Indeed, f is co-elementary; i.e., there is a homeomor-
phism between ultracopowers h : Y J\E — XI\D, such that px poh = fopye.)
Also, in a recent paper [9], K. P. Hart has produced a simple example of a non-
confluent co-existential map between two unidimensional planar continua.

REFERENCES

(1] P. Bankston, A hierarchy of maps between compacta, J. Symbolic Logic, 64 (1999), 1628—
1644.

2] , Some applications of the ultrapower theorem to the theory of compacta, Applied

Categorical Structures, 8 (2000) (special issue in honor of the 70th birthday of Bernhard

Banaschewski), 45-66.

, A survey of ultraproduct constructions in general topology, Topology Atlas Invited

Contributions 8 (2003), 1-32.

, The Chang-Los-Suszko theorem in a topological setting, Archive for Mathematical

Logic, 45 (2006), 97-112.

, Dendrites, topological graphs, and 2-dominance Houston J. Math. 35 (2009), 1091—

3]

(4]

[5]

1102.

6] , On the first-order expressibility of lattice properties related to wunico-

herence in continua, Archive for Mathematical Logic (to appear, available at
http://www.mscs.mu.edu/~paulb/publications.html).

, Base-free  formulas in  the lattice-theoretic  study of  com-
pacta, Archive for Mathematical Logic (to appear, available at
http://www.mscs.mu.edu/~paulb/publications.html).

[8] C. C. Chang and H. J. Keisler, Model Theory, third ed., North Holland, Amsterdam, 1990.
9] K. P. Hart, A concrete co-ezistential map that is not confluent, Topology Proceedings 34
(2009), 303-306.

[10] S. B. Nadler, Jr.,, Continuum Theory, an Introduction, Marcel Dekker, New York, 1992.

[11] V. I. Ponomarev, On continuous decompositions of bicompacts (Russian), Uspehi Mat.
Nauk (N.S.) 12 (1957), 335-340.

[12] S. Willard, General Topology, Addison-Wesley, Reading, MA, 1970.

Received December 13, 2008



1242 PAUL BANKSTON

Revised version received June 21, 2008

DEPARTMENT OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, MARQUETTE UNIVER-
SITY, MILWAUKEE, WI 53201-1881, U.S.A.
E-mail address: paulb@mscs.mu.edu



