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PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 89, Number 3, November 1983

ON PARTITIONS OF PLANE SETS
INTO SIMPLE CLOSED CURVES. II

PAUL BANKSTON

ABSTRACT. We answer some questions raised in [1]. In particular, we prove: (i) Let F
be a compact subset of the euclidean plane E? such that no component of F
separates E2. Then E2\ F can be partitioned into simple closed curves iff F is
nonempty and connected. (ii) Let F C E? be any subset which is not dense in E?,
and let S be a partition of EZ\ F into simple closed curves. Then $ has the
cardinality of the continuum. We also discuss an application of (i) above to the
existence of flows in the plane.

Statement of results. This note is a sequel to [1], whose notation and terminology
we follow faithfully. Throughout the paper, F is a subset of the euclidean plane E?,
and S is an alleged partition of E?\ F into simple closed curves (scc’s) (i.e. S is a
cover of E%\ F by pairwise disjoint topological replicas of the unit circle). We are
interested in two kinds of question: (i) (existential) what conditions on F ensure or
prohibit the existence of a partition &; and (ii) (spectral) what are the relationships
between F and the set of cardinalities of possible partitions &?

Existence questions are considered in [1,2]. We summarize what we know: If the
cardinality | F| of F is less than the continuum ¢, and if either the number of isolated
points of F or the number of cluster points of F (in E?) is finite, then § exists iff
| F|= 1. We conjecture that the conclusion is still valid under the weaker hypothesis
“| F|< ¢”; however, the conclusion fails when the hypothesis is weakened further to
“F is totally disconnected”, as is witnessed by a nice construction due to R. Fox
[1, Theorem 12].

In [1] we also raise the question of when & exists for F compact. This brings us to

our first result.

1. THEOREM. Let F be a compact subset of E? such that no component of F separates
E?2. Then E?>\ F can be partitioned into scc’s iff F is nonempty and connected.

Questions of spectrum are considered in [1,2,4]; in particular, in [1] we ask: for
which F is it necessarily the case that |&|= ¢ (if it exists at all)?

2. THEOREM. Let F be any subset of E* which is not dense in E?, and let S be a
partition of E*\ F into scc’s. Then |S|= c.
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The proof of Theorem 1 uses techniques from [1]. The proof of Theorem 2 is
inspired by H. Cook’s proof [4] that every partition of E? into closed arcs must have
cardinality c.

Proof of Theorem 1. Our first observation (due to the referee of [1]) is that the
components of F, together with singleton points of E?\ F, form an uppersemicon-
tinuous decomposition of E2. By a theorem of R. L. Moore [6, p. 533] the corre-
sponding quotient space is =~ EZ. In view of this it is easy to get the existence of &
whenever F is a nonempty continuum which fails to separate E2, so it will suffice to
prove

3. THEOREM. Let F C E?* be a compact totally disconnected subset of cardinality
different from 1. Then E*>\ F cannot be partitioned into scc’s.

We can eliminate the case F = & immediately [1, Theorem 1], so assume | F|> 1;
and, for the sake of contradiction, let S be a partition of E?\ F into scc’s. As in [1]
we let B(S) be the bounded component of E2\ S for any scc S and rely heavily on
Schonflies’s theorem (i.e. B(S) =~ E?). Also we will use the partial order < on S,
given by S, < S, if B(S,) = B(S,) U S, C B(S,).

4. LEMMA. If F is totally disconnected and ON C & is a maximal chain, then
N{B(S): S € M} is a singleton subset of F.

PRrROOF. This is proved in [1, Lemma 4]. O

Now for any S €5, B(S) N F is a nonempty clopen subset of F, so for each
clopen G C FletS; = (S € &: B(S) N F= G}. Thens = U {§;: G C Fis clopen)
is a (countable) union of pairwise disjoint subcollections, each of which is a chain
under the < -ordering. Let U; = U§;. Then the collection {U;: G C Fis clopen} is
a cover of E2\ F by pairwise disjoint sets (“annuli”’). We will show that each Uj; is
open. By a theorem of Kuratowski-Knaster [7], to the effect that X separates E? only
if a connected subset of X separates E2, we know that E2\ F is connected. Hence,
U; = @ for all but one clopen G C F. We will show that, in fact, 5 # @, hence
S = &p. This will mean that & is a chain all of whose members enclose F,
contradicting Lemma 4.

We will be done, therefore, once we prove the following two assertions.

5. LEMMA. S # @.

PrROOF. Although we could argue as in the proof of [1, Lemma 9], the following
approach (suggested by the referee) is more elementary.

View E? as S\ { p} (i.e. the two-sphere minus the point at infinity); and for each
scc S C E? let U(S) be the complement of B(S) U S in S2. Since the collection of
< -maximal elements of & is at most countable and each chain in & without a
< -maximal element has countable cofinality, we can find a countable collection
S,, S,,... in & which includes the < -maximal elements and such that U%_, B(S,)
= U(B(S): S€S8).Form=12,...,let C,= NI_, U(S,). Then C,,C,,... isa
decreasing chain of continua containing p. Suppose C,, N F = & for each m. Since
F is compact, we have that C = N_,C, is a continuum which intersects F and
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contains p. By a theorem of Sierpinski [6,p. 173; 1, Lemma 8(ii)], to the effect that
no locally compact connected Hausdorff space can be partitioned into countably
many proper compact subsets, C must contain a point x notin FU {p} U U>_S,.
But x € S for some S € §, and S cannot be < -maximal. Thus x € B(S,,) for some
n, a contradiction. Thus for some m, F N C,, = @; hence F C U,_, B(S,).

For each x € F let 5, = {S € &: x € B(S)}. By [1,Theorem 1], 5 = U 5,
and each S is a chain. Let G, = U{B(S): S €§,}. By the above argument,
x € G, G, is a closed disk if 5, has a < -maximal element, and G, is a chain union
of open disks if &, has no < -maximal element. Furthermore, the collection {G,:
x € F} is a finite partition of E2. But the complement of a finite nontrivial union of
disjoint closed disks is multiply connected. Hence G, = E? for each x € F and
FCB(S)forsomeSE€S. O

6. LEMMA. Each Uy is an open set.

PROOF. Let G C F be clopen and assume S; # @. Since ; is a chain it will
suffice to show that §; has no < -minimal or < -maximal element. Let S € 5.
Since B(S) ~ E? and G is compact, we can apply Lemma 5 relativized to B(S).
Thus, there is a scc S € S with G C B(S’) C B(S’) C B(S). Clearly S’ € Sg» 50 &g
has no < -minimal element.

To see that §; has no < -maximal element, we “exchange” the point p at infinity
for any element of G. (G is nonempty.) The ordering < is reversed and we apply the
above argument to the compact set (F\G) U {p}. This finishes the proof of the
lemma, and hence of Theorem 1. O

Proof of Theorem 2. Suppose F is a subset of E? which is not dense in E2, and let
S be a partition of E2\ F into scc’s. Let D be a standard open disk with boundary
circle C such that D N F = @. Then no S € $ lies in D [1, Theorem 1]; so for each
S € 5, § N D is a countable disjoint union of open arcs with distinct endpoints on
C. Since these arcs form a partition of D and each such arc is a subarc of a member
of §, it will suffice to show that it takes ¢ arcs to do the job. Let 4 be one of the arcs
and let D, be a component (= E?) of D\ A. We show that ¢ arcs are necessary to
fill D, by proving the following.

7. LEMMA. Let [0, 1)? denote the closed unit square and let @ be a partition of the
open unit square (0, 1)? by open arcs (i.e. homeomorphs of (0, 1)), each with distinct
endpoints on [0.11 X {0}. Then |&|= c.

PrOOF. The following argument is similar to that given by H. Cook in [4] to show
that E2 cannot be partitioned into < ¢ closed arcs.

By the Baire Category Theorem applied to (0, 1)? (each 4 € & is closed as well as
nowhere dense in (0, 1)?), we know that @ is uncountable; hence there is a real § > 0
and an uncountable €, C & such that the endpoints of each 4 € @, have a distance
apart of at least 8. For 4 € @, let /(A) (resp. r(A)) denote the left (resp. right)
endpoint of A4, and let B(A) denote the region bounded by A4 and [/(A), r(A4)] X {0}.
We order @ by writing 4, < A4, if B(4,) C B(A4,) and A, # A,. Now suppose n is
any whole number such that n8 = 1. Then @, has at most n maximal chains under
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< . (This follows from the fact that < is a tree ordering; hence, if there were > n
maximal chains in @, then there would be > n arcs 4 € @, such that the regions
B(A) are pairwise disjoint. Since their endpoints have a distance apart of = §, this
is impossible.) Thus there is an uncountable @, C &, which is a chain under the
< -order. Assume |@,|<c, and let C denote the space of subcontinua of [0, 1]2.
Under the well-known Hausdorff metric, C is a compact metric space. Let @l denote
the closure of @, in C. Then |@,|= c. (To see this we use the facts that C is
hereditarily Lindelof, and in such spaces scattered subsets are countable. Since 6_?,, is
uncountable it is not scattered; hence, it has a nonempty closed subset without
isolated points. This subset, being also compact metric, contains Cantor sets.)

Since we are assuming |@, |< ¢, we have |@ \&@, |= c. Also, since @, is a chain,
each element of @ \@, is a limit either from above or below of distinct arcs in @,,
say B = lim, A, where 4, , < A4,. Hence, B intersects at most one arc in &, and
at most one other continuum in @ \&,. Let

r=inf{r(4): A €@}, I=sup{l(4):4 €Q,),

and let (a,0) be the midpoint of the segment [/, ] X {0} (r — I = 8). Let L be the
vertical segment {a} X [0,1]. Then each B € @, intersects both [0, a) X {0} and
(a,1] X {0}. Letf: (€ \@,) ~ L take a continuum B to a point of B N (L\{(a,0)}).
Then the image f[@,\&@,] has cardinality c since the fibers of f have at most two
elements.

Finally, it is plain that if x,, x,, x; are three distinct points of f [@I\GZI] then some
arc of @, separates two of them in [0, 1]2. Thus no member of the original family @
can contain more than two points of L. Since every point of f [é_B \&,] lies on exactly
one arc in @, this says that |@|=c. O

8. REMARK. Theorem 2 contrasts nicely with the fact [5, 9] that, under hypotheses
consistent with the usual axioms of set theory, E* can be covered by < ¢ (possibly
overlapping) scc’s.

An application to the theory of flows. In this section we follow the terminology
found in Beck [3]. A flow in E? is a continuous surjection f: E' X E? > E? with the
“group property” f(s + t, x) = f(s, f(¢, x)). We define a flow to be periodic if for
each x € E?, either x is a fixed point of f (ie. f(z, x) = x for all t € E") or
py(x) = inf{z > 0: f(z, x) = x} is finite and positive. It is an easy exercise (see [3]) to
show that x is a fixed point iff p,(x) = 0; and the orbit of x, {f(t, x): t EE'},is a
scc iff 0 < p,(x) < co.

9. THEOREM (BECK [3, COROLLARY 6.20])). Let F C E2 be a compact set whose
complement is homeomorphic with the open annulus {x € E*: 1 <|x|< 2}. Then there
exists a periodic flow on E* whose set of fixed points is F.

Let F C E? be nonempty and compact, such that both F and E?\ F are con-
nected. Letting G be the uppersemicontinuous decomposition of E? into F together
with singletons of E?\ F, we have immediately from Moore’s theorem (i.e. E2/8, ~
E?) that E?\ F is homeomorphic with an open annulus. Putting Theorem 9 and our
Theorem 1 together we have the following existence theorem for flows.
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10. THEOREM. Let F C E?* be compact, no component of which separates E*. The
following are equivalent:

(i) F is nonempty and connected.

(ii) There exists a periodic flow on E* whose fixed point set is F.

11. REMARK. The (ii) = (i) direction is a very weak corollary of Theorem 1, which
in effect offers a “static” (rather than “dynamic”) argument for the nonexistence of
flows.

REFERENCES

1. P. Bankston, On partitions of plane sets into simple closed curves, Proc. Amer. Math. Soc. (to appear).

2. P. Bankston and R. McGovern, Topological partitions, Gen. Topology Appl. 10 (1979), 215-229.
MR80i: 54007

3. A. Beck, Continuous flows in the plane, Springer-Verlag, New York, 1974.

4. H. Cook, handwritten notes.

5. S. H. Hechler, Independence results concerning the number of nowhere dense sets needed to cover the
real line, Acta Math. Acad. Sci. Hungar. 24 (1973), 27-32.

6. K. Kuratowski, Topology, Vol. II, Academic Press, New York, 1966.

7. S. Mazurkiewicz, Remarque sur un théoréme de M. Mullikin, Fund. Math. 6 (1924), 37-38.

8. M. H. A. Newman, Elements of the topology of plane sets of points, Cambridge Univ. Press,
Cambridge, 1961.

9. L. Zippin, The Moore-Kline problem, Trans. Amer. Math. Soc. 34 (1932), 705-721.

DEPARTMENT OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, MARQUETTE UNIVERSITY,
MILWAUKEE, WISCONSIN 53233



	Article Contents
	p. 498
	p. 499
	p. 500
	p. 501
	p. 502

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 89, No. 3 (Nov., 1983), pp. 379-568
	Front Matter
	A Family of Semistable Elliptic Curves with Large Tate-Shafarevitch Groups [pp. 379-386]
	Optimal Linear Extensions by Interchanging Chains [pp. 387-394]
	Semiperfect FPF Rings [pp. 395-401]
	Monomial Equimultiple Curves in Positive Characteristic [pp. 402-406]
	Equimultiplicity and Hyperplanarity [pp. 407-413]
	The Indices of Torsion-Free Subgroups of Fuchsian Groups [pp. 414-418]
	On Resultants [pp. 419-420]
	A Gloss on a Theorem of Furstenberg [pp. 421-422]
	The Freiheitssatz for One-Relation Monoids [pp. 423-424]
	Reducibilities Among Decision Problems for HNN Groups, Vector Addition Systems and Subsystems of Peano Arithmetic [pp. 425-429]
	The Asymptotic Norming Property and Martingale Convergence [pp. 430-432]
	Extension of Uniform Measures [pp. 433-439]
	Negligible Sets of Radon Measures [pp. 440-444]
	On Defining Equations for the Jacobian Locus in Genus Five [pp. 445-448]
	Sharp Estimates for Lebesgue Constants [pp. 449-452]
	A Note on Countably Normed Nuclear Spaces [pp. 453-456]
	On the Existence of Nonsimple Real Eigenvalues for General Sturm-Liouville Problems [pp. 457-460]
	Eventual Disconjugacy of a Linear Differential Equation [pp. 461-466]
	Remarks on Geodesics [pp. 467-472]
	Remarks on Sectional Curvature of an Indefinite Metric [pp. 473-476]
	Some Tilings of the Plane Whose Singular Points Form a Perfect Set [pp. 477-479]
	A New Omitting Types Theorem [pp. 480-486]
	Persistently Finite, Persistently Arithmetic Theories [pp. 487-492]
	The Tail σ-Field of a Finitely Additive Markov Chain Starting from a Recurrent State [pp. 493-497]
	On Partitions of Plane Sets Into Simple Closed Curves. II [pp. 498-502]
	The Spectral Characterization of Normal Hyperbolicity [pp. 503-509]
	Extending Families of Disjoint Zero Sets [pp. 510-514]
	Embedding Cosmic Spaces in Lusin Spaces [pp. 515-518]
	A Nonpolyhedral Triangulated Möbius Strip [pp. 519-522]
	Representing a Differentiable Function as a Cartesian Product [pp. 523-526]
	Cardinalities of First Countable R-Closed Spaces [pp. 527-532]
	Decompositions of Rigid Spaces [pp. 533-536]
	A Characterization of Uniform Paracompactness [pp. 537-540]
	A Note on the Stable Homotopy Groups of MSp(n) [pp. 541-544]
	Irreducible 3-Manifolds of Genus 3 Containing a 2-Sided Projective Plane [pp. 545-550]
	Countable Products of Scattered Paracompact Spaces [pp. 551-552]
	Shifted Plane Partitions of Trapezoidal Shape [pp. 553-559]
	The Combinatorics of Certain Products [pp. 560-562]
	A Symmetric Star Polyhedra That Tiles But Not as a Fundamental Domain [pp. 563-566]
	Correction to "The Differentiability of Riemann's Function" [pp. 567-568]
	Back Matter



